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Abstract. — Let g be a finite dimensional complex reductive Lie algebra and 
8(0) its symmetric algebra. The nilpotent bicone of g is the subset of elements 
{x,y) of X g whose subspace generated by x and y is contained in the nilpotent 
cone. The nilpotent bicone is naturally endowed with a scheme structure, 
as nuUvariety of the augmentation ideal of the subalgebra of 8(0) (S)c 8(0) 
generated by the 2-order polarizations of invariants of 8(0). The main result 
of this note is that the nilpotent bicone is a complete intersection of dimension 
3(bg — rk0), where bg and rk0 are the dimension of Borel subalgebras and 
the rank of respectively. This affirmatively answers a conjecture of Kraft- 
Wallach concerning the nuUcone [KrW2) . In addition, we introduce and study 
in this note the characteristic submodule of g. The properties of the nilpotent 
bicone and the characteristic submodule are known to be very important for 
the understanding of the commuting variety and its ideal of definition. The 
main difficulty encountered for this work is that the nilpotent bicone is not 
reduced. To deal with this problem, we introduce an auxiliary reduced variety, 
the principal bicone. The nilpotent bicone, as well as the principal bicone, are 
linked to jet schemes. We study their dimensions using arguments from motivic 
integration. Namely, we follow methods developed by M. Mustafa in [Mu] . 
At last, we give applications of our results to invariant theory. 
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Introduction 

1. Main results. — Let g be a finite dimensional complex reductive Lie 
algebra, let G be its adjoint group and let 9Tg be its nilpotent cone. For {x, y) 
in g X 0, we denote by P^^y the subspace generated by x and y. A subset of 
g X g is called bicone if it is stable under the maps (x, y) i— >• {sx, ty) where s 
and t are in C*. The nilpotent bicone of g is the subset 

A/'g := {{x, y) G g X g i P^^y C mg} . 

Since 9Tg is a G-invariant closed cone of g, the subset TVg is a closed bicone of 
g X g, invariant under the diagonal action of G on g x g. 

Let S(g) be the symmetric algebra of g and let S(g)0 be the subalgebra of G- 
invariant elements of S(g). According to a Chevalley's result, the algebra S(g)0 
is polynomial in rkg variables, where rkg is the rank of g. Let pi, ■ ■ ■ ,Prkg be 
homogeneous generators of S(g)0 of degrees di, . . . ,drkg respectively. We can 
suppose that the sequence di, . . . ,(irkg is weakly increasing. For i = 1, . . . , rkg, 
the 2-order polarizations Pi^m,n of Pi are the unique elements of (S(g) ®c S(g))^ 
satisfying the following relation: 

(1) Pi{ax + by) = ^ a'^b'^pi^rn,n{^,y) , 

m+n=di 

for all (a, b) in and (x, y) in g x g. The nilpotent cone DTg is the nullvariety in 
g of the ideal generated by the polynomials pi, ■ ■ ■ ,Prkg- Therefore, according 
to Relation ([1]), Mg is the nullvariety in g x g of the ideal of S(g) S(g) 
generated by the polynomials Pi^m,n, for z = 1, . . . , rkg and m + n = di. Thus, 
Mg is naturally endowed with a scheme structure. From here, we study Afg as 
the subscheme of g x g corresponding to the ideal generated by the polynomials 
Pi,m,n, for i = 1, . . . , rkg and m + n = di. 

Let bg be the dimension of a Borel subalgebra of g. By a classical result 
|Bou] , we have di + • • • + drkg = bg. So TVg is the nullvariety in g x g of bg + rkg 
polynomial functions. As a result, the dimension of any irreducible component 
of Mg is at least 3(bg — rkg), since g x g has dimension 2(2bg — rkg). The main 
result of this note is the following theorem (see Theorem I33( (iv). Proposition 
[36l (ii), and Theorem [45l) : 

Theorem 1. — The nilpotent bicone is a nonreduced complete intersection 
in Q X Q of dimension 3(bg — rkg). Moreover, the images of any irreducible 
component of Mg by the first and second projections from g x g to g are equal 

to ^g. 

This result affirmatively answers a conjecture |KrW2| (Section [T]) of H. 
Kraft and N. Wallach concerning the nullcone of the G-module g x g (see 
Theorem I4ip . Clearly, the images of Ng by the first and second projections 
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from g X g to g are equal to Dig. Theorem [T] specifies that this is true for any 
irreducible component of Mg. Notice that this statement is a much stronger 
result. 

We introduce in addition in this note the characteristic submodule of g. It 
is a S(g) <^c S(g)-submodule of S(g) ®c S(g) 0- The properties of the nilpo- 
tent bicone and the characteristic submodule are known to be very important 
for the understanding of the commuting variety. Recall that the commuting 
variety Cg of g is the set of elements (x, y) of g x g such that [x, y] = 0. The 
commuting variety has been studied for many years. According to a result of 
R. W. Richardson [Ril], Cg is irreducible. Moreover, Cg is the nullvariety of 
the ideal generated by the elements (x, y) i— > {v, [x, y]), where v runs through g. 
An old unsolved question is to know whether this ideal is prime |LS] . In other 
words, we want to know if this ideal is the ideal of definition of Cg since Cg is 
irreducible. The study of the commuting variety and of its ideal of definition 
is a main motivation for our work. 

2. Description of the paper. — We denote by greg the subset of regular 
elements of g and we set 

Og := {{x,y) € g X g I P^^y \ {0} C greg , dimP^^y = 2} . 

The properties of the subset Qg were studied by A. V. Bolsinov in |Bol| and 
recently by D. I. Panyushev and O. Yakimova in [P Ya| . The set of smooth 
points of A/'g with respect to its scheme structure is the set of elements (x, y) £ 
g X g at which the differentials of the Pi^m,m for i = 1, . . . ,rkg and m + n = 
di, are linearly independent. The set Og is an open subset of g x g and its 
intersection with the nilpotent bicone turns out to be the set of smooth points 
of Afg (see Proposition 1131 and Remark [3]). The description of this subset is 
therefore very important for us. We give various properties of the subset Og in 
Section 1. Next, we introduce in this section the characteristic submodule Bg 
of g (see Definition [1]) whose study is heavily related to Og. The characteristic 
submodule was introduced by the first author a few years ago in a work on 
the commuting variety. We prove here that Bg is a free S(g) 0c S(g)-module 
of rank bg, and we provide an explicit basis for Bg (see Theorem llip . Even if 
this result is not directly useful for the nilpotent bicone, it could be interesting 
in itself. 

The results obtained in Section [1] concerning 0,g do not enable to provide 
"enough" smooth points of Afg to apply the criterion of Kostant [Kos2] (see 
Remark [3]) . Actually, the intersection of A/'g and Og is an empty set in many 
cases. This observation makes the study of the scheme A/'g very difficult. In 
order to deal with this problem, we introduce an auxiliary reduced scheme, 
the principal bicone of g 

'■= {(^' y) e X I Px,y C Xg} , 
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where Xg is the principal cone of g, that is the Zariski closure of the set of 
principal semisimple elements (see Definitions [2] and [3]). The study of the 
varieties Xg and Afg is the main topic of Section [2j 

We observe that TVg and Afg can be identified with constructible subsets 
of jet schemes of 9tg and Xg respectively. In |Mu| . M. Mustafa uses the 
theory of motivic integration, as developed by M. Kontsevich |Kon] . J. Denef 
and F. Loeser [DL2j . and V. Batyrev [Baj . to prove a result concerning the 
jet schemes of locally complete intersections. In particular, his result can be 
applied to 9Tg and Xg. Thus, in the appendix of |Mu| . D. Eisenbud and E. 
Prenkel extend results of Kostant concerning the nilpotent cone of a reductive 
Lie algebra in the setting of jet schemes. In Section [Sj after reviewing some 
facts about motivic integration, we state technical results concerning motivic 
integrals, following methods developed by M. Mustafa in |Mu ]. which will be 
useful for Section [H Using all of this, we prove in Section |4] the following 
theorem (see Theorem \33[ (i), and Proposition [36l (i)): 

Theorem 2. — The principal bicone of q is a reduced complete intersection 
of dimension 3(bg — rkg + 1). Moreover, the images of any irreducible com- 
ponent of Xg by the first and second projection from g x g to g are equal to the 
principal cone Xg. 

Then, we deduce Theorem [T] from Theorem [2j We give in Section [5] 
applications of our results to invariant theory, mainly in relation with the 
nullcone of the G-module g x g. In Section [U we obtain additional properties 
about the irreducible components of the nilpotent bicone. We prove that Ng 
is a nonreduced scheme (see Theorem and we give a lower bound for the 
number of irreducible components of Ng (see Proposition I52p . 

We precise that Section [3] is entirely independent on Sections [1] and [2] and 
does not deal with Lie algebras. 

3. Additional notations and conventions. — In this note, the ground 
field is C. All topological terms refer to the Zariski topology. If X is an 
algebraic variety, an open subset of X whose complementary in X has 
codimension at least 2 is called a big open subset of X. 

The set of integers, the set of nonnegative integers and the set of positive 
integers are denoted by Z, N and N* respectively. As usual, the subset of non 
zero elements of C is denoted by C*. 

If is a finite set, its cardinality is denoted by \E\. 
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For X in g, we denote by q{x) the centralizer of x in g. Thus x belongs to 
Qrcg if and only if q{x) has dimension rkg. 

The action of G in g x g will be always the diagonal action. For x in g or 
in g X g, we denote by G.x its G-orbit under the corresponding G-action. 

If g is commutative, then Mg is reduced to {(0, 0)}. Henceforth, we suppose 
that g is not commutative. 

Let gi, . . . ,Qm be the simple factors of g. Since the nilpotent cone 9Tg is the 
product of the nilpotent cones 9tgi , . . . ,91g„ , Mg is the product of the nilpotent 
bicones Mg^, . . . ,A/g,„. Furthermore, as the equality 

3(bg - rkg) = 3{hg, - rkgi) + • • • + 3(bg„ - rkg^) 

holds, it suffices to prove Theorem [1] in the case where g is simple. It will be 
sometimes useful to make the assumption that g is simple (see e.g. Sections 
El Eland ED. 

The first and second projections from g x g to g are denoted by wi and W2 
respectively. The following lemma will be very handy throughout the note. 

Lemma 3. — Let Y be a G-invariant closed bicone in g xg. Then the subsets 
wi(Y) and W2{Y) are G-invariant closed cones of g. 

Proof. — As y is a G-invariant bicone, wi{Y) and W2{Y) are G-invariant 
cones of g. Moreover, wi(Y) x {0} and {0} x ■uj2{Y) are the intersections of 
Y with g x {0} and {0} x g respectively, since y is a closed bicone. So wi{Y) 
and ZU2(Y) are closed subsets of g. □ 

We fix a principal s[2-triple (e, h, f) of g. Thus, the following relations 

[/i,e] = 2e, [e,/] = /i, [hj] = -2f, 

are satisfied, e and / are regular nilpotent elements and /i is a regular semisim- 
ple element of g. If ad is the adjoint representation of g, then ad/i induces 
a Z-grading on g and we have g = g^, where g^ is the i-eigenspace of 

ad/i. Moreover, all the eigenvalues of ad/i are even integers. The centralizer 
g(/i) = go of /i in g is a Cartan subalgebra, that we will also denote by f). The 
unique Borel subalgebra containing e is 

b := fje^gi , 

i>0 
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and the nilpotent radical of b is u := Qi- We additionally set 

i>0 

i>- ■■= "^Qi , u_ := "^Qi ■ 

i<0 i<0 

Let B and B_ be the normalizers of b and b_ in G and let H and Ng{^) 
be the centralize! and the normalizer of f) in G. Then the quotient WG'(f)) of 
Ncii)) by H is the Weyl group of g with respect to f). 

Let TZ be the root system of (g, f)), let 71+ be the positive root system of TZ 
defined by b, and let 11 be the basis of 7?-+. For any a in TZ, we denote by 
the corresponding root subspace. Denote by wq the longest element of Wciij) 
with respect to H. Then wq{II) is equal to — H and for any representative go 
of Wq in Noil)), go{b) is equal to b_. 

Let (.,.) be a nondegenerate G-invariant bilinear form on g x g which 
extends the Killing form of the semisimple part of g. In the remainder of this 
note, the orthogonality will refer to (., .). 

Acknowledgment. — We are grateful to Michel Duflo for bringing [Mu| 
to our attention. We would like also to thank Francois Loeser for his e-mails 
concerning motivic integration questions, and Karin Baur for her comments. 
In addition, we thank Vladimir Popov for his support and the referees for their 
numerous and judicious advices and their careful attention to our note. 

1. Characteristic submodule 

In this section, we introduce the characteristic submodule of g and we de- 
scribe some of its properties. 

1. Preliminaries. — Let us recall that Pi, ■ ■ ■ ,Prkg are homogeneous gen- 
erators of S(g)s of degrees di, . . . ,drks respectively such that the sequence 
di, . . . jdfkg is weakly increasing. For i = 1, . . . , rkg, let Si be the element of 
S(g) ®c S defined by the following relation: 

{ei{x),v) =p[{x){v) , 

for x,v in g, where is the differential of pi at x. The first statement of 

the following lemma comes from [Ri3] (Lemma 2.1) while the second statement 
comes from jKos2] (Theorem 9): 



Lemma 4- — Lst x be in g. 

i) For i = 1, . . . ,rkg, ei{x) belongs to the center of q{x). 
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ii) The elements £i{x), . . . ,£r\Q{x) are linearly independent in g if and only 
if X is regular. Moreover, if so, £i{x), . . . ,£^\^q{x) is a basis of q{x). 

Let i be in {1, . . . ,rkg}. The 2-order polarizations Pi,m,n of Pi are defined 
by the following relation: 

Pi{ax + by)= ^ a"'F'pi^m,n{^,y) , 

rn+n=di 

for any (a, b) in and any {x, y) in 5 x g. For (m, n) € such that m + 
n = di, let £i^rn,n bc the element of S(g) (8)c S(g) (Sic B such that the linear 
functional v {£i.m.n{x,y),v) on g is the differential at x of the function 
X ^ Pi,m,n{x, y) for (x, y) in g X g. In particular, Sj^o.di = for i = 1, . . . , rkg. 
In addition, since d\+ ■ ■ ■ +(irkg is equal to bg, the cardinality of the family 
• • • , eiA,o , « = 1, • • • , rkg} is equal to bg. 

Lemma 5. — For i = 1, . . . , rkg and {x, y) & Q x 9, we have 

di 

£i{ax + by) = a"'-'^b'^'-"'£i^rn,di-m{x,y) , 

m=l 

for any {a,b) in C^. In particular, £i^i^d._i(x, y) = £i{y) and 
£i,(ii,o(a;,y) = £i{x). 

Proof. — Let v be in g. For any (a, b) in C* x C, we have 
{£i{ax + by),v) = ^Pii^x + by + tv) \ 

= ^ a™i'"^Pi,m,n(aJ + ta~^v, y) \ 

m+n=di 

5^ a"'6"(ei,„,n(a;,y),a"^?;) , 

m+n=di 

whence the lemma, since (., .) is a nondegenerate G-invariant bilinear form on 
g X g. □ 

Recall that we have introduced the subset 

:= {{x,y) e X g I P^,j, \ {0} C greg , dimP^,j, = 2} , 

which is clearly G-invariant. We denote by f)', Q'2 and g'_2 the intersections of 
greg with f), g2 and g_2 respectively. Set: 

In the following lemma, we explicitly provide elements of ilg . 
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Lemma 6. — i) // x G f)' + u and y G 02 + u) ^ ^g- 

ii) If X £ q'_2 and y G g'g; then (x, y) G fig. 

Proof. — i) The elements x and y are clearly linearly independent. In addi- 
tion, for any t in C, x + ty is conjugate to x under G. So x + ty is regular for 
any t in C. Since y is regular, (x, y) belongs to Jig. 

ii) The elements x and y are clearly linearly independent. As x is regular, 
X + sy is regular for any s in an open subset of C containing 0. Let 1 1— > g{t) be 
the one-parameter subgroup of H generated by adh. As Q^eg is G-invariant, for 
any t in C*, g{t){x + sy) is regular for any s in an open subset of C containing 
0. So, from the relations [/i, x] = — 2x and [/i, y] = 2y, we deduce that for any 
t in C*, t~^x -|- st'^y is regular for any s in an open subset of C containing 0. 
As 0reg is an open cone, x -|- st^y is consequently regular for any s in an open 
subset of C containing {0}. So x + ty is regular for any t in C. As y is regular, 
we deduce that (x,y) belongs to Qg. □ 

Remark 1. — The subset Og is stable under the involution (x,y) i— > (y,x). 
So, by LemmalU the images of the subsets {\]' + u) x [q^ + u^) and g'_2 x by 
this involution are contained in fig. For example, the elements {e,h), {f,h) 
and (e, /) are in Jig. 



The following lemma is well-known: 

Lemma 7. — Let x be in g^eg- 

i) If X belongs to b, then q{x) is contained in b. 

ii) If X belongs to u, then q{x) is contained in u. 

For (x,y) in g x g, we denote by 5J(x,y) the subspace generated by the 
elements 

ei,i,di-i(a;,y),. . . ,ei4^,o{x,y) , i = 1, . . . ,rkg , 

and we set: 

5J'(x,y):= Yl 9{ax + by). 

(a,fe)GC2\(0,0) 

We collect in the following lemma some results concerning the subset rig in 
part obtained by A. V. Bolsinov in [Bol] and recently by D. I. Panyushev and 
O. Yakimova in |P Ya| : 

Lemma 8. — Let (x,y) be in g x q. 

i) The subspace QJ(x,y) has dimension at mosthg. Moreover, it has dimen- 
sion bg if and only if (x, y) belongs to fig. 

ii) The subspace 2J(x,?/) is contained in 5J'(x,y). Moreover, the equality 
occurs when (x,y) belongs to fig. 

iii) If {x,y) belongs to b x b, then 53(x,y) is contained in b. 
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Proof. — i) As the sum of di, . . . ,dj-]^g is equal to bg, 2J(a;, y) has dimension at 
most bg. Let us suppose that (x,y) belongs to rjg. Then by |P Ya] (Theorem 
2.4), the subspace has dimension bg. Conversely, let us suppose that 

has dimension bg. In particular, ei{x), . . . ,£y-i^g{x) are linearly inde- 
pendent. Hence by LemmaHJ (ii), x is regular. By LemmaEl for any {a,b) in 
C^\{(0,0)}, 23(x,y) is equal to 53(ax + by,y). Hence {x,y) belongs to J7g. 

ii) By Lemma m 23'(x,y) contains ei{ax + by) for i = 1, . . . ,rk0 and any 
(a, 6) in C^. Hence by Lemma [5l ^'{x,y) contains 2J(a;,y). Moreover, by (i) 
and LemmaHl 53(x,y) is equal to ^'{x,y) when {x,y) belongs to fig. 

iii) Let us suppose that (x, y) belongs to b x b. By Lemma [6] and Remark [H 
the intersection of fig and b x b is a nonempty open subset. Moreover, when 
{x,y) belongs to this intersection, for any (a, 6) in C^\{(0,0)}, Q{ax + by) is 
contained in b, by Lemmas HI (ii) and (Tj (i). Hence for i = l,...,rk0 and 
m = 1, . . . , dj, £i,m,di-m{x, y) belongs to b, by (ii). So 23(x, y) is contained in 
b. ' ' □ 

2. Closed irreducible subsets of s x s invariant under the actions of 

S and GL2(C). — The following automorphisms give an action of GL2(C) 
in x g: 

{x,y) I — > {ax + by,cx + dy), where g = ^ ^ 

Let s be the subspace of g generated by e, h, f so that s is isomorphic to 
s[2(C). Let S be the closed connected subgroup of G whose Lie algebra is ads. 
We start this subsection by describing the closed irreducible subsets of 5 x 5 
invariant under the actions of S and GL2(C). This will be used in Corollary 
[To] and Lemma [THl 

Let T3 be the closed bicone of s x s generated by the diagonal of OTg x Dig, 
let T4 be the closed bicone of s x 5 generated by the diagonal of s x s and let T5 
be the subset of elements (x, y) of 5 x s such that x and y belong to the same 
Borel subalgebra of s. As defined, the sets T3, T4 and T5 are irreducible closed 
subsets of 5 X s, invariant under the actions of S and GL2(C). Moreover, they 
have dimension 3, 4 and 5 respectively. The verification of these claims is left 
to the reader. 

Lemma 9. — The subsets {0}, T3, T4, T5 and 5x5 are the only nonempty 
irreducible closed subsets of 5x5, invariant under the actions o/S and GL2(C). 

Proof. — Let us first remark that is the only proper S-invariant closed 
cone of 5. Let T be a nonempty irreducible closed subset of s x s, invariant 
under the actions of S and GL2(C). By Lemma [3] and the preceding remark, 
if < dimT < 4, then zui{T) is equal to DTg, whence T = r3 by GL2(C)- 
invariance. We assume now dimT > 4. As tui{T) D OT^ and dimT > 4, T 
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contains an element {e,ae + bf + ch), with 6 or c different from 0. Hence T 
contains (e, bf+ch). If c 7^ 0, then wi(T) contains bf+ch which is semisimple. 
Otherwise, T contains (e,/) and wi{T) contains e + / which is semisimple, 
too. So, in any case, wi{T) = 5. In particular, T D T/^ and the equality holds 
as soon as dimT = 4. At last, let us suppose dimT > 5. As ■n7i(T) = s, 
there exist a, 6, c in C such that {h, ae + bf + ch) belongs to T with a or b 
different from 0. If ab = 0, using the invariance of T under S and GL2(C), we 
deduce that {h} x bg is contained in T. In this case, T contains T5. If ab 7^ 0, 
using the invariance of T under GL2(C) and the one-parameter subgroup of 
H generated by adh, we deduce that {h,at^e + bt~'^f ) belongs to T for any 
t in C*. So {h} X s is contained in T and T has dimension 6, whence the 
lemma. □ 

Corollary 10. — The subset fig is a big open subset of q x q. 

Proof. — Suppose that is not a big open subset of g x g. Then, the 
complementary of fig in g x g has an irreducible component S of codimension 
1 in g X g. As rig is invariant under the action of G and GL2(C), S is invariant 
under these actions too. The intersection T of S and 5x5 contains (0, 0). So 
T is a nonempty closed cone of s x s, invariant under the actions of S and 
GL2(C). As S is an hypersurface of g x g, T has codimension at most 1 in 
s X 5. Hence Lemma [U (ii), implies that {h,e) belongs to T. But by Lemma 
m (i), {h,e) belongs to fig, whence the expected contradiction. □ 

Remark 2. — We can also deduce Cor oUar v 1101 from |P Yaj . Indeed, accord- 
ing to |PYa| (Lemma 3.1), for any x G g^eg, the set {y G g | {x,y) G Og} is a 
big open subset of g, whence we can readily deduce Corollarv [TOl 

3. Characteristic submodule. — By a result of J. Dixmier [Dij (§2). the 

S(g)-submodule of elements (p in S(g) such that f{x) belongs to g(a;) for 
all X in g is a free module of basis ei, . . . ,£Tkg- 

Definition 1. — The characteristic submodule Bg of g is the S(g) S(g)- 
submodule of elements ip in S(g) (8)c S(g) (8)c g such that ip{x,y) belongs to 
y), for any (x, y) in a nonempty open subset of g x g. 

The following result can be viewed as a generalization of the previous result 
of J. Dixmier. 

Theorem 11. — The submodule Bg of S(g) S(g) Q is a free 
S{q) (^c S{g) -module of rank bg. Moreover, the family {si^i^di-i, ■ ■ ■ ,£i,di,o, 
i = 1, . . . , rkg} is a basis of Bg. 



NILPOTENT BICONE 



11 



Proof. — By Lemma El (ii), for i = 1, . . . ,rk0 and m = 1, . . . , dj, ei,m,di-m 
belongs to Bg. Moreover, by Lemma [8l (i), these elements are linearly in- 
dependent over S(g) 8(0). It remains to prove that they generate Bg as 
S(0)<8)cS(g)-module. Let ip be in Bg. By LemmaEl (i) and (ii), ip{x,y) belongs 
to 5J(x,y) for any (x,y) in Qg. So there exist regular functions ipi^mA-m on 
Qg for 1 = 1,..., rkg and m = 1, . . . ,di, such that: 

i — l,...,rk0 
m— 1 , . . . 

for any (x,y) in rjg. By Corollary [lOl Jig is a big open subset of g x 3. Hence 
the regular functions ipi^mA-m have regular extensions to g x g since g x g is 
normal. As a result, the family {£1^1^-1^ ■ ■ ■ :^i,difi ' 

i = 1, . . . ,rkg} is a basis 

of Bg. □ 

4. Smooth points of A/'g. — In this subsection, we establish a link between 
the open subset fig and the nilpotent bicone. For i = 1, . . . , rkg, we denote by 
CTj the map 

g X g — > C^^+i , {x,y) ^ {pLOAi^,y), ■ ■ ■ ^PiAfii^^v)) ■ 

Lemma 12. — For {x,y) in g x g and i = 1, . . . ,rkg, the differential of ai 
at {x, y) is the linear map 

{v,w) I — > ( {ei^iA-i{x,y),w) , {£i,iA-i{x,y),v) + {£i,2A-2(^^y)^^) ' 

••• , i^iA-iA^^y)^^) + i^iAfii^)^^) ' (ei(a^))^) ) ■ 

Proof. — For {x,y) in g x g, we denote by p'i m d -m^^^v) differential of 
Pi,mA-m at {x,y). From Lemma [S] and the equality 



Pi{tx + y) = ^ t"^Pi,mA-m(x,y) 
for {x,y) in g x g, we deduce the equality 

di di 
'^t'^{ei^rnA-m{x,y),V + t-^w) = ^ (^^^ 2/) (^^> ^) ' 

m=l m=0 

for X, y, f , li; in g and t in C*, since PiflA map {x, y) ^ Pi{y). Hence we 

get, for m = 0, . . . , — 1, 

Pi,mA-m(^'y)(^'^) = {'^i,mA-~rn{x,y),v) + (ei,m+l,d,-m-l (a^, y) , li') • 

In addition p'-^^ o{x,y) is the linear functional {v,w) i-^ {ei{x),v). □ 
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Let a be the map: 

g X S > C^fl+'^kg ^ ^ ^^^^^^ y^^ ^ ^^ ,CTrkg(x, y)) . 

Proposition 13. — Let {x,y) be in q x g. Then a is smooth at {x,y) if and 
only if {x,y) belongs to fig. 

Proof. — We denote by a'{x,y) the differential of a at {x,y) and we denote 
by kev a' {x,y) its kernel in g x g. Let us suppose that {x,y) belongs to Og. 
For V in g, we denote by Xy the subset of elements w in q such that {v,w) 
is in kercr'(x,y). By Lemmas 1121 and HI (ii), v belongs to the orthogonal 
complement of g(x) in g. In addition, is an affine subspace whose tangent 
space is equal to the orthogonal complement of 53(x, y) in g. By LemmaO (i), 
^{x,y) has dimension bg since {x,y) belongs to Qq. Consequently, ker cr'(x,y) 
has dimension at most bg — rkg + 2(bg — rkg) = 3(bg — rkg), since x is regular. 
Hence the image of a'{x,y) has dimension at least bg + rkg. So a'{x,y) is 
surjective and a is smooth at {x,y). 

Conversely, suppose that a is smooth at {x,y). For {a,b) in C^, we denote 
by T^a,b the linear map 

(zj,oA' • • • '^iA,o> ^ = 1) ■ ■ ■ ^rkg) I — >{ ^ a™6"2;i,m,n, « = 1, ■ • • , rkg ) , 

m+n=di 

fromC^s+^'^stoC^s. The linear map TTa^b is surjective as soon as (a, b) / (0, 0). 
Since a is smooth at {x,y), we deduce that the compound map aa,b ■= '^a,b°c^ 
is smooth at {x,y), for any (a, 6) in \ {(0,0)}. As 

a'"6>i,„,„(x', y') = pi{ax' + by') , 

m+n=di 

for i = l,...,rkg and {x',y') in g x g, aa,b niaps {x',y') to 
(j)i{ax' + by'), . . . ,p^]ig{ax' + by')). Moreover, it is the compound map of the 
two following maps: 

0X0 — ^ , (x', y') ^ {ax' + by') 
— ' C'^^ , {pi{z),... ,PAsiz)) ■ 

Therefore, the second map is smooth at {ax + by), for any (a, b) in C^\{(0, 0)}. 
So, by LemmaSl (ii), {x,y) belongs to Og. □ 

Remark 3. — Recall that A/'g is the subscheme of g x g defined by the ideal 
generated by the polynomials Pi^m,n- Therefore, by Proposition [T3l the in- 
tersection of A/'g and Jig is nothing but the set of smooth points of A/'g. The 
elements of fig provided by Lemma [H (i), do not belong to TVg. Consider the 
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elements described in Lemma [H (ii). If g is equal to 5I3, the subset q'_2 x ^2 
has a nonempty intersection with AAg. Indeed, if we set 
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then (x,e) G Pi {q'_2 x 02)- -^^^ general this intersection can be empty. 
For instance it is an empty set if g = sin for many n > 3. Whatever the case, 
we will see a posteriori that there exists at least one irreducible component of 
Mq which has an empty intersection with fig (see Theorem I45p . So we cannot 
hope to apply the criterion of Kostant [Kos2j . This observation was originally 
the reason why we introduced an other subscheme (see the following section). 



2. Principal cone and principal bicone 

In this section, we suppose that g is simple. Then we can suppose that pi is 
the Casimir element of S(g)^, that is pi{x) = {x, x), for any x in g. Recall that 
(e, h, f) is a principal s[2-triple of g and use the notations of the Introduction, 

m 

1. Principal cone. — Since e is a regular nilpotent element of g, the nilpo- 
tent cone 97g is the G-invariant closed cone generated by e. According to 
Kostant's results |Kos2] . the nilpotent cone is a complete intersection of codi- 
mension rkg. Moreover, it is proved in [Hej that it has rational singularities. 
In this subsection, we intend to prove analogous properties for the principal 
cone introduced in: 

Definition 2. — The principal cone Xg of g is the G-invariant closed cone 
generated by h. 

Recall that wq is the longest element of the Weyl group Wcii))- The simple 
following well-known lemma turns out to be useful. 

Lemma 14- — The element wo^h) is equal to —h. Moreover, there exists a 
representative go of wq in Nci^)) such that go{e) is equal to f. 

For i = 2, . . . , rkg, we define the element Qi of S(g)0 as follows: 

( Pi , if di is odd ; 

^* I PiW'^^^'^Pi — Piih)pf^'^ , otherwise. 

The polynomial qi is homogeneous of degree di. As the eigenvalues of adh 
are integers, not all equal to zero, pi{h) ^ 0. In addition, as 

Piih) = piiwoih)) = pi{-h) = i-lf ^Pi{h) , 
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Pi{h) = as soon as di is odd. This forces qi{h) = 0, for any i = 2, . . . ,rkg. 
So Xg is contained in the nullvariety of the functions q2, ■ ■ ■ ,9rkg- 

Lemma 15. — i) The nullvariety of pi in Xg is equal to 9Tg. 

ii) The principal cone Xg is the nullvariety of the functions q2, ■ ■ ■ jQrkg- 

iii) The subset (Xg \ 5rcg) is equal to (O^Ig \ G.e) and the codimension of 
(Xg \ 0reg) in is equal to 3. 

Proof. — i) Prove first that is contained in Xg. Since Xg is a G-invariant 
closed cone, the relation exp(— tade)(/i) = h + 2te for any t S C, implies 
e G Xg. So 9Tg is contained in Xg as closure of G.e. Let X be the nullvariety 
of the functions q2, ■ ■ ■ ,tog- As pi{h) ^ 0, the nullvariety of p\ in X is the 
nullvariety of pi, . . . ,Prkg- So 9Tg is the nullvariety of p\ in X. Moreover, 9Tg 
is also the nullvariety of p\ in Xg since Xg is a subset of X which contains OTg. 

ii) Let X be as in (i). We need to prove that X is contained in Xg. Let x 
be an element of X which is not nilpotent. By (i), p\[x) ^ 0. So there exists 
t G C* such that p\(tx) = pi{h). Then Pi(tx) = Pi{h), for i = 1, . . . ,rkg since 
X is in X. As h is regular and semisimple, tx and h are G-conjugate. Hence 
X belongs to Xg. 

iii) By (i) and (ii), the subset of elements of Xg which are not regular in q is 
equal to (DTg\G.e). As this subset has codimension 2 in 9Tg, it has codimension 
3 in Xg by (i). □ 

Recall that b„ is the Borel subalgebra containing [) and "opposite" to b, 
with nilpotent radical u_. Let bo be the subspace of b generated by h and u and 
let bo,- be the subspace of b_ generated by h and u_. The following results 
are partially proved in |Ri2| (Proposition 10.3) as pointed out in Remark H] 
below. 

Corollary 16. — The principal cone of g is normal and it is a complete 
intersection of codimension rkg — 1 in q. The regular elements of 3 which 
belong to Xg are smooth points of Xq. At last, Xg has rational singularities. 

Proof. — By Lemma [TH (i) and (ii) , Xg is a complete intersection of codi- 
mension rkg — 1 . By Lemma [H (ii) , the differentials at x of pi , . . . ,Prkg are 
linearly independent as soon as x is a regular element of g. Hence the same 
goes for the differentials at x oi q2, ■ ■ ■ ,qrkg- Then, any x in the union of G.e 
and (C*)G./i is a smooth point of Xg. So by Lemma [TSl (ii), Xg is regular in 
codimension 1. By Serre's normality criterion [Maj (Ch. 8, Theorem 23.8), Xg 
is a normal subvariety. 

The subalgebra bo is an ideal of b. The contracted product G Xb bo is 
defined as the quotient of G x bo under the right action of B given by {g, x).h = 
{gb,h~^{x)). The map {g,x) 1— > g{x) from G x bo to g factorizes through the 
canonical map from G x bo to G xb bo. Since G.bo is equal to Xg, we get 
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a surjective morphism vr from G xg bo to Xg. Moreover, the morphism vr 
is proper since G/B is a projective variety. Let K be the field of rational 
functions on G xb bo and let Kq be the field of rational functions on Xq. Let 
50 be as in Lemma [HI By Lemma [T^ go{h) is equal to —h. In particular, the 
fiber of vr at /i has at least two elements. Let (5, x) be an element of G x bo 
such that g{x) is equal to h. In particular, a; is a regular semisimple element 
of which belongs to bo Hence there exists 6 in B such that h{x) belongs to 
the line generated by h. As ad/i and ad6(x) have the same eigenvalues, b{x) 
is equal to /i or — /i, since the eigenvalues of ad/i are integers, not all equal to 
zero. If h{x) = /i, then {g, x) and (Ig, h) are equal in Gxebo. Otherwise, {g, x) 
and {go, —h) are equal in G Xb bo. Hence the fiber of vr at /i has two elements. 
So the same applies for the fiber of vr at any element of the G-invariant cone 
generated by h since vr is G-equivariant. Hence K is an algebraic extension of 
degree 2 of Kq. In particular, it is a Galois extension. Let A be the integral 
closure of C[Xg] in K and let Xg be an affine algebraic variety such that C[Xg] 
is equal to A. Then A is stable under the Galois group of the extension K of 
Kq and C[Xg] is the subalgebra of invariant elements of this action since Xg is 
normal. Hence by [E12j (Lemma 1), it is enough to prove that Xg has rational 
singularities. 

The variety G Xb bo is smooth as a vector bundle over G/B. Hence the 
morphism vr factors through the canonical morphism from Xg to Xg. Let vr' be 
the morphism from G Xb bo to Xg such that vr is the compound map of vr' with 
the canonical morphism from Xg to Xg. Then (G Xb bo, vr') is a desingulariza- 
tion of Xg since vr' is proper and birational. By the corollary of [He] (Theorem 
B), for i G N*, the i-th cohomology group H*(G Xb t'OiOcxEbo) is equal to 
zero. Hence by lHi](Ch. HI, Proposition 8.5), for i G N*, RVl(OGxBbo) = 
and X'g has rational singularities since X'g is normal. □ 

Remark 4- — The G-invariant closed cone generated by a semisimple ele- 
ment of Q is not a normal variety in general [Ri2j (Proposition 10.1). Never- 
theless, whenever x is the semisimple element of a s[2-triple of g, the closed 
cone generated by the regular orbit whose closure contains x is normal and 
Cohen-Macaulay jRi2j (Proposition 10.3). 

2. Principal bicone. — We study in this subsection various properties of 
the principal bicone. 

Definition 3. — The principal bicone of q is the subset 

= {{x, y) £ e X Q \ ax + by e Xg, V(a, b) £ C^} . 
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As A/'g, the subset is a closed bicone of g x g, and it is invariant under 
the actions of G and GL2(C). For i = 2, . . . , rkg, we define the elements Qi m n 
of (8(0) (g)c 8(0))^ by the following relation: 

(2) qi{ax + by) = ^ a"'&"gi,m,n(x,y) , 

m+n=di 

for (a, 6) in and (x,y) in x 0. For w in WG(f)), we denote by bo,w the 
subspace generated by w^h) and u. It is worth recalling the following well- 
known result for the understanding of the principal bicone. 

Lemma 17. — If x is in f), then the intersection of G.x and \) is the orbit of 
X under Wcii})- 

Our purpose is to prove that Xg is a complete intersection of dimension 
3(bg — rk0 + 1), what we will do in Section [H 

Lemma 18. — i) The subset Xg is the nullvariety of the polynomial functions 
Qi,m,n, for i = 2,...,rk0 and m + n = di. In particular, any irreducible 
component of Xg has dimension at least 3(bg — rk0 + 1). 

ii) The subset s x 5 is contained in Xg. 

iii) For x in b, {w{h),x) belongs to Xg if and only if x is in bo,M,- 

Proof. — i) As Xg is the nullvariety of the Qi by Lemma [T5l (ii), Xg is the 
nullvariety of the polynomial functions qi^m,n, for i = 2, . . . , rkg and m+n = di. 
As di = 2, Xg is the nullvariety in x of bg — rk0 — 3 regular functions, 
whence the second statement. 

ii) Let T be the intersection of Xg and s x s. Then T is a closed, subset of 
s X s invariant under GL2(C) and S. For any t in C, h + te belongs to G.h. 
So T contains {h, e). Hence, by Lemma El dimT > 5 and, T = T5 if and only 
if dimT = 5. As th and e + t'^f are in the same G-orbit for any t € C*, (e, /) 
is in Xg. So T is equal to s x 5 since (e, /) is not in T5. 

iii) For any t in C* and any x in u, tw{h) + x belongs to the G-orbit of 
tw{h). Hence {w{h),tw{h) + x) belongs to Xg. So {w{h)} x bo^w is contained 
in Xg. Let (xi, X2) he in I) x u. We suppose that {w{h),xi +X2) is in Xg. Then 
for any t in C, w{h) + txi + tx2 is in Xg. In particular, xi + X2 is tangent at 
w{h) to the cone Xg. The tangent space at w{h) of the cone Xg is generated 
by w{h) and [w{h),g]. So xi and w{h) are collinear. □ 

3. Smooths points of Xp. — As the nilpotent cone 9Tg is contained in the 
principal cone Xg, the nilpotent bicone TVg is contained in the principal bicone 
Xg. We introduce now two other varieties "squeezed in between" A/'g and Xg. 
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Set 

y, := { (x,y) G A-g I {x,y) = 0} , 
^0 := {{x,y)Gy,\yem,} . 
Lemma 19. — i) The nilpotent bicone is the nullvariety in of 

Pl,2,0,Pl,l,l,Pl,0,2- 

ii) The subset y^ is the nullvariety in of pi^i^i. Moreover, y^ is a G- 
invariant closed bicone and any irreducible component ofy^ has dimension at 
least 3(bg — rkg) + 2. 

iii) The subset Zg is the nullvariety in y^ o/pi^o,2- Moreover, Z^ is a G- 
invariant closed bicone and any irreducible component of Zq has dimension at 
least 3(bg — rkg) + 1. 

Proof. — i) As OTg is the nullvariety of pi in Xg, by Lemma [15] (i), Mg is the 
nullvariety in Xg of the 2-order polarizations of pi, that is pi,2,o,Pi,i,i,Pi,o,2- 

ii) As is the Killing form, y^ is the nullvariety of pi^i^i in Xg. Moreover, 
y^ is a G-invariant closed bicone since is G-invariant and bihomogeneous. 
By Lemma \T8\ (i), any irreducible component of 3^g has dimension at least 
3(bg - rkg) + 2. 

iii) By Lemma [151 (i); is the nullvariety of pi in Xg. Hence Zg is the 
nullvariety of Pi,o,2 in J^g- Moreover, Zg is a G-invariant closed bicone since 
Pi, 0,2 is G-invariant and bihomogeneous. By (ii), any irreducible component 
of Zg has dimension at least 3(bg — rkg) + 1. □ 

Remark 5. — By Lemma \T9\ the subsets 3^g and Zg inherit a natural 
structure of scheme. 

Let P be a subset of the set of polynomials 

{Pi,2,o,Pi,i,i,Pi,o,2 , qi,m,di-m , i = 2, . . . , rkg , m = 0, . . . ,di} . 

We denote by C[P] the subalgebra of S(g) 0c S(g) generated by P, we denote 
by <Tp the morphism of affine varieties whose comorphism is the canonical 
injection from C[P] to S(g) ®c S(g) and we denote by Xp the nullvariety of P 
in g X g. 

Lemma 20. — Let {x,y) be in ilg. 

i) The morphism ap is smooth at {x,y). 

ii) // {x,y) is in Xp, then {x,y) is a smooth point of Xp. Moreover, 
the unique irreducible component of Xp which contains (x, y) has dimension 
2dimg - 

Proof. — i) Let p be the morphism whose comorphism is the canonical in- 
jection from C[P] to the subalgebra generated by the polynomials Pi^m,di-m 
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where i = 1, . . . , rkg and m = 0, . . . , dj. Then ap is equal to poa, where a is 
the morphism introduced in SubsectionSl As qi^m,di-m is a hnear combination 
of Pi,m,di-m. and homogeneous elements in the subalgebra generated by pi,2,0) 
Pi, 1,1) Pi, 0,2, for i = 2, . . . , rkg and m = 0, . . . , dj, the morphism p is smooth. 
Then by Proposition 1131 is a smooth morphism at (x,y). 

ii) We suppose that {x,y) is in Afp. By definition, Xp is the fiber at of 
the morphism ap. So by (i), (x,y) is a smooth point of Xp and the codi- 
mension in g x 5 of the irreducible component of Xp which contains {x, y) is 
equal to the dimension of C[P]. By Proposition [I3l the polynomials Pi^m,di-m 
are algebraically independent for i = 1, . . . ,rk0 and m = 0, . . . ,di. So the 
elements of P are algebraically independent since Qi di—m is a linear combi- 
nation of Pi^m,di-m and homogeneous elements in the subalgebra generated by 
Pi, 2,0) Pi, 1,1) Pi, 0,2) for i = 2, . . . , rkg and m = 0, . . . , di. Hence the irreducible 
component of Xp containing {x,y) has dimension 2dim0 — |P|. □ 

The principal bicone Xg has irreducible components of the expected dimen- 
sion as the following proposition shows. Actually this proposition will be not 
used in the other sections. 

Proposition 21. — Let w he in Wg{^)- There is an unique irreducible com- 
ponent x{w) of Xg containing {w{h),e) and x{w) satisfies the following prop- 
erties: 

1) xiw) has dimension 3(bg — rkg + 1), 

2) x{wwo) is equal to x{w), 

3) x(^) contains {wow{h), f), {e,w{h)), {f,wow{h)). 
Moreover, x(^) contains 5x5 if w = 1 or w = wq. 

Proof — Let P be the subset {qi^m,di~m, i = 2, ...,rk0, m = 0,...,di}. 
Then Xp is equal to Xg by Lemma [T8\ (i). By Lemma \TE[ (iii), Xg contains 
{w{h),e) and by LemmaO (i), {w{h),e) belongs to Q.g. Hence by Lemma [20l 
(ii), {w{h), e) is a smooth point of Xg. So there is an unique irreducible compo- 
nent of Xg which contains {w{h), e). Moreover, this component has dimension 
3(bg — rkg + 1). Let us denote it by x(^)- Then xi'w) satisfies condition (1). 
As wwo{h) is equal to —w{h), by Lemma [TH xi^^) contains {wwo{h), e) since 
x{w) is a bicone. Moreover, by Lemma [HI x{u^) contains {wQw{h), f) since 
x{w) is G-invariant and go.{w{h),e) is equal to {wo'w{h), f). As x(^) is also 
GL2(C)-invariant, it is invariant under the involution (x, y) 1— > {y, x). So x(^) 
contains {e,w{h)) and {f,wow{h)). 

By Lemma [181 (h), s X5 is contained in Xg. Hence there exists an irreducible 
component of Xg which contains 5 x s. But s x 5 contains {h,e), which is a 
smooth point of Xg. So xi'w) contains s x s if w{h) is colinear to h, that is to 
say w = 1 or w = wq. □ 
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Remark 6. — When g is simple of type B^, Ci, D2e, Ej, Eg, -F4 or G2, wq is 
equal to —1. So in these cases, for any w in Wcii}), xi'w) contains 
and {f,w{h)) since xi'w) is a bicone. A quick computation shows that 
precisely has |VFG'(f))|/2 irreducible components when g is equal to 5[„(C) for 
n = 2,3. 

4. Proof of Corollary 1231 — The goal of this subsection is to prove Corol- 
lary [23l This corollary will be crucial for the study of the dimension of Xg 
(see Section HJ. 

Lemma 22. — Let Z be an irreducible closed subset of Zg satisfying the two 
following conditions: 

1) wi{Z) contains a non zero semisimple element of Q, 

2) W2{Z) contains a regular nilpotent element of q. 

Then Z has a nonempty intersection with Qg. 

Proof. — By Condition (1), the subset Zi of elements {x,y) in Z such that 
a; is a non zero semisimple element of g is a nonempty open subset of Z since 
the subset of semisimple elements of g which belongs to Xg is an open dense 
subset of Xg. On the other hand, by Condition (2), the subset Z2 of elements 
{x, y) in Z such that y is a regular nilpotent element of g is a nonempty open 
subset of Z since the subset of regular nilpotent elements is an open dense 
subset of OTg. Then the intersection of Zi and Z2 is nonempty subset since Z 
is irreducible. Let (x,y) be in the intersection Zi and Z2. Suppose that {x,y) 
doesn't belong to Qg. We expect a contradiction. Then there exists t £ C 
such that tx + y is not a regular element of g. Indeed x is regular as non zero 
semisimple element of Xg. As {x, y) belongs to the principal bicone, tx + y is 
a non regular element of Xg, whence 

{tx + y,tx + y) = , 

by Lemma [T5l (iii). But the left hand side of this equality is equal to t'^{x,x) 
since (x, y) belongs to Zg. Hence t = since for any non zero semisimple 
element z in Xg, {z, z) 7^ 0. This contradicts the fact that y is regular. So Z 
has a nonempty intersection with J7g. □ 

Corollary 23. — Let X be an irreducible component of Xg. We denote by 
X' the intersection of X and Zg. Let us suppose that X' has an irreducible 
component Z satisfying the two following conditions: 

1) zui{Z) is equal to Xg, 

2) ZU2{Z) is equal to OTg. 

Then X' and X have a non empty intersection with fig. In particular, X has 
dimension 3(bg — rkg + 1). 
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Proof. — By Lemma [22l Z, X' and X have a nonempty intersection with J7g. 
Then, by Lemma [20} (ii), X has dimension 3(bg — rkg + 1). □ 



3. Jet schemes and motivic integration 

We plan to study in Section H] the dimensions of the nilpotent bicone and 
the principal bicone via motivic integration arguments. In view of this work, 
we start this section by some basics on motivic integration. 

1. Jet schemes. — Let us first review the definition and properties of jet 
schemes. Let X be a complex algebraic variety. For m G N, the m-order 
jet scheme Jm{X) of X is the scheme whose closed points over x G X are 
morphisms 

Ox,x C[t]/t'"+i . 

Thus, the C-valued points of Jm{X) are in natural bijection with the 
C[t]/t™^^ -valued points of X. In particular, there are canonical isomorphisms 
Jo(X) ~ X and Ji{X) ~ TX, where TX is the total tangent space of X. The 
canonical morphisms 

with / > m, obtained by truncation, induce a projective system ( Jm(X), vr/^m)- 
The space of the arcs 

Joo{X) := projlim Jm(X) 

m 

is the projective limit of the system ( Jm(X), vr/^m)- Denote by TToo^m the canon- 
ical morphism 

for m E N, obtained by truncation, too. For v in J^{X) and ip a regular 
function on X, we denote by OTd{v°ip) the order of the serie voip. If I is an 
ideal of Ox, we denote by ord(T, i/) the smallest integer oid{v°ip), where 
runs through the ideal T^^^(^y-^ generated by X in the local ring Ox^-k^ o{u)- 
The function Fj : v ^ ord(T, z^) is semialgebraic by [DL2] (Theorem 2.1). As 
a matter of fact, for m G N, we can define an analogous function from Jm{X) 
to {1, . . . ,m} that we denote by the same symbol. When Z is the ideal of 
definition of a closed subset Z of X, we rather denote by Fz the function Fx- 
In particular, if X is the ideal of definition of a divisor D of X, we denote by 
F£) the function Fj. 

In [Mu] . M. Mustafa proves the following result, first conjectured by David 
Eisenbud and Edward Frenkel: 
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Theorem 24 (Mustafa). — If X is locally a complete intersection variety, 
then Jm{X) is irreducible of dimension dimX{m + 1) for all m > 1 if and 
only if X has rational singularities. 

Remark 7. — The nilpotent cone OTg of the reductive Lie algebra 5 is a 
complete intersection and by [He| (Theorem A), it has rational singularities. 
Likewise, by Corollary [TBI the principal cone Xg of g is a complete intersection 
and has rational singularities. As a consequence, Theorem 1241 can be applied 
to O^Ig or Xg. In the appendix of |Muj . D. Eisenbud and E. Frenkel apply 
Theorem 1241 to O'lg to extend Kostant's results in the setting of jet schemes. 

2. Motivic integration. — Recall now some facts about the theory of 
motivic integration. The construction of motivic integrals for smooth spaces 
is due to Kontsevich |Konj and was generalized by Denef and Loeser to 
singular spaces in [DL2] and [DLlj. Further in the paper, we will only need 
of the Hodge realization of motivic integrals on the arcs of a smooth variety. 
We refer to |Ba] . [DL2j and |Loj for more explanations, definitions and 
proofs (see also [Cr] for an introduction). 

Let V be the category of complex algebraic varieties. Denote by Ko(V) the 
Grothendieck ring of V and denote by [X] the class in Ko(V) of an element X 
in V. The map X ^ [X] naturally extends to the category of constructible 
subsets of algebraic varieties. Let L be the class of in Ko(V) and let M be 
the localization Ko(V)[L^"'^]. For m in Z, we denote by F™M the subgroup of 
M generated by the elements [X]L^'', where r — dimX > m. Then we get a de- 
creasing filtration of the ring M and we denote by M its separated completion. 

Let X be an algebraic variety of pure dimension d. A subset A in Jao{X) is 
called a cylinder if A is a finite union of fibers of 'Koo,m '■ Joo{X) — > Jm{X), 
for m G N. If A € Joo(^) is a cylinder, we say that A is stable at level m £N 
if, for any n > m, the map TToo^n+iiJooiX)) — > 7roo,n(«^oo(-'^)) is a piecewise 
trivial fibration over 7roo,n(^) with fiber A"'. When X is smooth, any cylinder 
is stable and the later additional condition is superfluous. 

Proposition 25 ( |DL2j (Definition-Proposition 3.2)) 

There is a well-defined subalgebra Bx of the Boolean algebra of subsets of 
Joo{X) which contains the cylinders and a map from Bx to M satisfying 
the following properties: 

1) if Ae Bx is stable at level m, then /xx(^) = [iToo,m{A)\L~^'^^^^'^ , 

2) if Y is a closed subvariety in X of dimension strictly smaller than d, 
then for any A in Bx, contained in Joo(^); /^x(^) = 0, 
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3) let Ai,A2, ... be a sequence of elements in Bx whose union A is in Bx, 
then the sequence fix{Ai),nx{A2), ■ ■ ■ converges to fixiA) in M, 

4) if A and B are in Bx, A is contained in B and fix{B) belongs to the 
closure o/F™M in M, then lJ-x{A) belongs to the closure o/F^M in M. 

For A in Bx and ip : A — > Z U {oo} a function such that 'tp~^{s) G Bx for 
any s G Z U {oo} and /ix(V'~^(oo)) = 0, we can set 

(3) / L-'^d/xx:=EMx(^-'(^))L-^ 

A «ez 

in M, whenever the right hand side converges in M. In this case, we say that 
L,~^ is integrable on A. 

Recall that the dimension of a non irreducible variety is the maximal dimen- 
sion of its irreducible components. Let u and v be two indeterminate variables. 
For any smooth projective variety X, the Hodge-Deligne polynomial of X is 
the element of Z[n, v] 

HX):=Y1 E (-l)%,.(H^(^;C)K^^ 

keN (p,q)eN2 
p+q=k 

where /ip,g(Hj(X;C)) are the Hodge-Deligne numbers of X. The map h factors 
through the ring Ko(V). So we have a morphism h from Ko(V) to Z[tt, v] such 
that h{X) is equal to for any smooth projective variety. In particular, 

h(L) is equal to uv. What is important for us is that /i([X]) is a polynomial 
whose highest degree term is c{uv)'^^™^ , where c is the number of irreducible 
components of X of dimension dimX. By continuity, the morphism h uniquely 
extends to a morphism from M to the ring Z[«,i;][[ii~^,f~^]]. The compound 
map h o /XX, which is now well-defined, is the Hodge realization of the motivic 
measure. 

3. Some technical results. — Let F be a finite dimensional vector space. 

We study in this subsection various properties of specific subsets in Jooiy)- 

For (x, y) iiiV X we denote by Vx,y the arc t ^ x + ty oi Joo{V). Let m 
be in N*. We denote by i'x,y,m the image of v^^y by the canonical projection 
■^oo,m from Jooiy) to Jm{y)- Let K be a connected closed subgroup of GL(F). 
The K-action on V extends to a K-action on JmiV) which is compatible with 
the canonical projections 'nXo,m- Let X be a K-invariant irreducible closed 
cone in V. We suppose that X is a complete intersection in V with rational 
singularities and we suppose that X is a finite union of K-orbits. Let N be 
the dimension of X and let r be the codimension of X in y. 
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We use now techniques developed in |Muj (Theorem 3.2) in order to prove 
Proposition [28l We denote by Z the union of K-orbits in X which are not of 
maximal dimension. Let Bx be the blowing up of V whose center is X and 
let 

r : Bx — >V 

be the morphism of the blowing-up. As X is a complete intersection in V ^ 
T~^(X) is an integral divisor on Bx and is locally a complete intersection. 
Moreover, there exists a regular action of K on Bx for which r is a K- 
equivariant morphism. By the theorem of embedded desingularization of Hi- 
ronaka [Hi] , there exists a desingularization (y, f) oiBx such that (Tof)~^(X) 
is a divisor with normal crossings. Moreover, we can find (y, f) such that there 
exists a regular action of K on y for which f is an equivariant morphism, and 
(rof)~^(X) is a K-invariant divisor. Set 7 := rof. Denoting by . . . ,£"4 the 
irreducible components of 7~^(X), we can assume that the following condi- 
tions are fulfilled: 

a) E\ is the only prime divisor dominating X, 

b) the divisor 7~-^(X) is equal to X]i=i ^i^i-, 

c) the discrepancy of 7 is equal to X]i=i ^i^i-, 

d) a\ is equal to 1 and 61 + 1 is equal to r, 

e) 7~^(Z) is contained in the union of £'2; • • • j-E"*, 

since t~^(X) is an integral divisor on Bx and K has finitely many orbits in 
X. By Condition (b), Ei, . . . ,Et are K-invariant. Moreover, by Condition (e), 
Z is the image by 7 of the union of E2, ■ ■ ■ ,Et. So there exist C2, . . . ,cj G N, 
such that 7"H^) = Ei=2 Cj-E^i- For m E N U {00}, let 

be the morphism induced by 7. In the remainder of this subsection, for 
m € N U {00} and n G N with m > n, TTm,n refers to the canonical morphism 

JmiY) Jn(Y). 

As X has rational singularities, the canonical injection from its canonical 
module to its dualizing module is an isomorphism by [FljfSatz 1.1). But its 
canonical module is locally free of rank 1 since X is Gorenstein as a com- 
plete intersection in V [Br] (Theorem 3.3.7 and Proposition 3.1.20). So X 
has canonical singularities. Moreover, by |Muj (Theorem 2.1), bi > rai for 
i = 1, . . . ,t. Then by the above Condition (d), we have hi > {bi + l)aj, for 
i = 2, . . . ,t. For /c G N, for J a nonempty subset of {1, ■ ■ ■ ,t} and for J' a 
nonempty subset of J, we denote by ipk,j,j' the affine functional on QI"^ 

{ai,ieJ) I — > {N -\J'\){m + l) + ^{bi + l)ai- ^ ai + k^aai . 

i&J i£j\J' ieJ 
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For p G N* , we set 

Aj,J',P '■= {{ctiji G J) G NI'^I I OjOi > p and > m + 1 , i E j' 

and 1 < ai < m , i £ J\J'} 

and we denote by i^k,j,j',p the minimal value of ipk,j,,j' on j4j j/ p. The two 
assertions of Lemma [26] are straightforward from the definitions and the pre- 
ceding inequalities: hi > {hi + l)ai, for z = 2, . . . , t. Their verifications are left 
to the reader. 

Lemma 26. — For k G N*, p > m + 1, J C {I, ■ ■ ■ ,t} and J' a nonempty 
subset of J, we have: 

i) ^o,J,J',p = P(.h + 1) + (iV - + 1) = iyk,j,j',p- 

ii) i^fc,{i},{i},p < ^k,j,j',p- 

For J C {1, . . . , t}, we set: 

Ej := r\i(zjEi\ Ui^j Ei . 

Let m be in N* and let 5 be a nonempty constructible subset of Jm{V). For 
a = {ai)itzj G (N*)l'^l, we denote by Ja the subset of elements i G J such that 
Q!j > m + 1 and we set: 

T„ := {v G vr-yii;0) n7™'(5) | Fe,{v) = ai , i £ J\J^} . 

For (7 G N U {oo}, with g > m + 1, we set: 

SI ■■= {^^Gv^-o^i^J)n(7n^°v^,,„)-'(5) |i^i?,H=a, ,iGJ}. 

Lemma 27. — Fix J O {l,...,t}, q > m + 1 and a = (aj)jgj G (N*)I-^L 
Suppose that Sa is a nonempty set. Then Sa is a locally trivial fibration over 
Ta whose fiber is isomorphic to 

f^{q-m){N-\Jc\) ^ x C'^l-^"l~E,GJa 

Proof. — We follow the proof of [Cr] (Proposition 2.5). Since the divisor 

t 

'y^^{X) = ^ OiEi on Y has only simple normal crossing, for any y in Y, 

i=l 

there exists a neighborhood UoiyinY with global coordinates zi, . . . on 
U for which a local defining equation for 7~^(X) is given by 

(4) g = z^.--^^ , 

for some jy < N. We cover Y = [jU hy finitely many charts on which 7~^(X) 
has a local equation of the form ([4]), and we lift to cover Jq{Y) = [jT^gQiU). 
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Hence Sa is covered by the subsets 

As ai > 1, the subset Ua is contained in 7r~Q(£'j). Thus, the subsets Ua are 
open subsets of Sa- Let UH be such an open subset of Sa which is nonempty. 
If J is not contained in {!,... ,jy} then Ej nU is empty, and so Ua- So J is 
contained in {1, . . . , j^}. 

For u € 7r~Q([/), we can view u as an A^-tuple {fi{z), . . . , /^{z)) of polyno- 
mials of degree at most q with zero constant term. We continue to argue as 
in the proof of [Cr\ (Proposition 2.5). We see that u G F^^{ai) if and only if 
the truncation of fi{z) to degree Oj is of the form Ca^z"^ where Ca^ is different 
from 0. Then we obtain — | J| polynomials of degree q with zero constant 
term, and, for each j J, a polynomial of the form 

= + • • • + + Ca^z""^ + C„^.+iZ"^"+i +--- + CaX' , 

with Caj G C* and Ck € C, for k > j. So, when we cut the m first terms of each 
polynomial fj{z), the space of all such A-tuples so obtained is isomorphic to 

As a consequence, Ua is isomorphic to 

(vr-y [/) n T„) X c^g-m)iN-\j^\) ^ X C'?!-^"!-^'^."^ , 

whence the lemma. □ 
Let be a constructible subset of JmiV)- For p > m + 1, we set 
Soo,m,p ■-= {ue (tt^^J-HS) I Fx{l^) >p}- 
Then, for A: > 0, we set 

Im,p,k ■■= h( [ L-'^^^Md^yll/) ) . 

\ Soo,m,p j 

Proposition 28. — Let m, k be in N* and let S be a constructible subset of 
Jm{y)- We suppose that the image by vt^q of S is dense in X and we suppose 
that S is Ji-invariant. 

i) We suppose that the image by vr^ q of any irreducible component of max- 
imal dimension of S is dense in X. Then the highest degree terms of Im,p,k 
does not depend on k for p big enough. 

ii) We suppose that the highest degree terms of Im,p,k does not depend on 
k for p big enough. Then, for p big enough, the highest degree terms of 
ho^y{Soo,m,p) only depend on the irreducible components of S whose image 
by vr^ dense in X. 
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Proof. — We apply the transformation rule for the motivic integrals to lrn,p,k- 
Namely, by [DL2] (Lemma 3.3), we have 

(5) Im,p,k = h( j _^ ) . 

\ ^ Too oc ,m- .p^ J 

For J <Z {1,... ,t} and a = (ai)iej G (N*)l"'l, is the inverse im- 
age by vTocg of Sa, for any q > m + 1. So, by Proposition [25l (1), 
hofiyiS^) = /i([5^])(n?;)-^('?+i). In addition, by Lemma EZl the subset 
is a locally trivial fibration over Tq, whose fiber is isomorphic to 

Then we deduce from [Crj (Theorem 3.2, (iii)) the relation: 

(6) hofiriS^) = /i([r„])(™- 1)1^-1 

(TO)~l"'°l'(^~l"'"l)('"+^)"^>e-'<. . 

As the subset j~^{X) is equal to the union of Ei,...,Et, the subset 
l^{Soo,m,p) is given by the equality: 



7oo^('S'oo,m,p) = U U 



oo 
a 1 



JC{l,...,t} (a;,ig,7)6(N\{0})l''l 



for any p. We set: 

t 

M := 1 + m^ai . 

i=l 

In particular, when p > M, Jq, is not empty as soon as X^jg j aiOi > p. For 
any p > M and any A; G N, we have the equality: 



JC{l,...,t} a^,ieJ 



where 

(7) Sj,„,fc := /.([r„])(nt;)-(^-l'^'^l)('"+i)+^»sA.."« 

For J nonempty subset in {1, . . . , t}, we set: 
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Thus Irn,p,k is the sum of the Sj^^. For any J, the highest degree terms in 
Sjp fc the terms Sj^a,p,k for which the number 

dimTa- {N -\Ja\){m + l)+ ^ Oi - ai{bi + I) - k ^ CjOj 

i&J\Ja «eJ i6Jn{2,...,t} 

is maximal. In particular, for J = {!}, the highest degree term of Sj^^ does 
not depend on k. 

i) By hypothesis, the image by vrm,o of any irreducible component of maximal 
dimension of (5') is dense in Ei. Therefore, for J 7^ {!}, the degree of 

h{[ir-]o{E'j)nj-\S)]) 

is strictly smaller than the degree of the same expression with J = {!}. As a 
consequence, when J 7^ {!}, for a = {ai)i^j G (N*)'''', the degree of h{[Ta]) is 
strictly smaller than the degree of 

Hence by Lemma [26] and relation ([7]), when p is big enough, the highest 
de gree term of 1^ p ^ is the highest degree term of S'^iyp^- In particular, it 
does not depend on k. 



ii) Denote by S the union of irreducible components of S whose image by 
TT^ is dense in X. By hypothesis, 5 is a nonempty set. We set 

Soc,m,p ■■= { G {T^L,my^iS) \ Fx{l^) > p } 

and 

lm,p,k := hi i L-'=^^HdMy(i^) ) , 

for A; > 0. It suffices to prove that the highest degree terms of lm,p,k and lm,p,k 
are the same, for p big enough. Indeed, if so, we obtain the expected result 
with /c = in Im,p,k and lm,p,k- By (i), the highest degree term of lm,p,k does 
not depend on k for p big enough. In addition, by hypothesis, the highest 
degree term of lrn,p,k does not depend on k for p big enough. Fix p big enough 
such that the highest degree terms of both lm,p,k and lm,p,k do not depend on 
k. As S and S are K-invariant, the function Fz^i^) is positive for any v in 
S CO, m,p\S 00, m,p since K has finitely many orbits in X. So we get 

Urn hi I ^ L-'=^^('^)d//y(z^) ) = 



1, p\s 
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Hence for k big enough, the highest degree terms of Irn,p,k and Im,p,fc are the 
same. □ 

Let m,p be in N with p > m + 1, and let S be a constructible subset of 
Jmiy)- In view of Proposition 1281 we wish to investigate the highest degree 
term of ho^y[Sco,m,p)- For (7 in N U {00} and q > n, we denote by 7r^„ the 
canonical morphism from Jq{X) to J„(X). The following lemma is easy and 
helpful for Lemma [HUl 

Lemma 29. — \) If u ^ Jgi^) for q e N U {00}, then 7r^„(i^) = vr^„(i^) for 
any n < q. 

ii) For V € Joo(^) o-nd q ^ W , T^^^q-ii^) G Jq-i{X) if and only if 

Fx{y)>q. 

We suppose that S satisfies the following conditions: 

1) 5 is contained in Jm{X), 

2) the image by vr^ q of 5 is dense in X, 

3) for any u G S, the fiber {T^p-i^rn)~^i'^) is a nonempty set. 

Denote by S the union of irreducible components of S whose image by vr^ q is 
dense in X. By Conditions (1) and (2), S is a nonempty constructible subset 
of Jm{X). Let d and d be the dimension of S and S respectively, and let c and 
c be the number of irreducible components of maximal dimension of S and S 
respectively. 

Denote by Xreg the smooth part of X. Notice that when S is contained in 
Xreg, Condition (3) is automatically satisfied. 

Lemma 30. — i) Let T be an irreducible component of S whose im- 
age by vr^ Q is dense in X. Then (tt^]^ „)~"^(T) has dimension 
dimT + {N — r){p — 1 — m). 

ii) The highest degree term of hofj,y(Soo,m,p) is c{uv)'^~^^~'^^^'"^'^^^~p^ . 

iii) The degree of ho^y{Soo,m,p) is at least d — {N — r){m, + 1) — pr. 

iv) Suppose that the highest degree term of ho fiy(S 00, m,p) is 

c(^i^)rf-(A^-r-)(m+l)-pr_ j^/^g^ J ^ J ^ ^ g_ 

Proof. — i) By hypothesis, the preimage of T n (7r;^^o)~^(^rog) by T^p^i^m is 
a locally trivial fibration over T n (vr^ o)~H-'^reg) with fiber ^{N -r){p-i-m) ^ 
whence (i). 

ii) Denote by S''-^""^^ and S^P~^'> the preimage by T^p^i^rn of ^ and S 
respectively. Using Lemma [29l we can readily check that the relation 
Soc,,m,p = {'^^,p-i)~^(s'^^~^^) holds, since S is contained in Jm{X). Hence, 
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by Proposition 1251 (1), we have: 

By definition of S, the subsets 

«p-i)-HS^'~''>) and (7r^,„)-^(^) 

are stable sets with respect to fix at level p — 1 and m respectively. Then, by 
Proposition \25\ (1), applied to fix, we get: 

hofix {{7r^,p-i)-HS^'-'^)) = /.([5(P-l)])M-(^-'■)^ 

As {t^^ p^i)~^{S^P^^^) and {'^^^rn)^^i^) coincides, we deduce: 

But the highest degree term of /i([>S']) is c{uv)'^, whence (ii) by Relation ([8]). 

iii) Analogously to (ii), we can write: 

(9) hofiv{So.,m,p) = hi[S'~P-^^])iuv)-^P . 

Let T be an irreducible component of 5 of dimension d. As S satisfies Con- 
dition (3), we have T^p-i^mii^p-i,m)~^ C^)) — ^- ^o there is an irreducible 
component T' of (vr^;^ „^)~^(T) whose image by TTp_i^jn is dense in T. As the 
generic fiber of vr^^ : Jp_i(X) — > Jm{X) has dimension (A^ — r)(p— 1 — m), 
the dimension of T' is at least d+ (N — r){p — 1 — m). Hence, by Relation ([9]), 
the degree of hofxy{Soo,m,p) is at least d — {N — r){m + 1) — pr. 

iv) By Relation Q, the hypothesis of (iv) means that the highest degree 
term of h{[S'^'P~^^\) is c{uv)'^^'^^ In particular, S^P^'^'> has dimension 
d+ {N — r){p—l — m) and the number of its irreducible components of maximal 
dimension is c. If > then (iii) gives a contradiction. Hence d = d. So any 
irreducible component of maximal dimension of S is an irreducible component 
of maximal dimension of S. Hence, c > c. It remains to prove: c < c. Let 
Ti, . . . ,Tg be the irreducible components of S. Then 

S^^-'^ = {7:^.^,J~HTi) U . . . U {7:^.,,J-HT,) ■ 

By Condition (3), 7r^_i^^ ((^^-i.m)"^?^)) = Ti, for any i = 1, . . . , Conse- 
quently, 

'^p-l,m(.'^i) £ ^p-l,m(^j) ) 

for any 1 < i,j < with i ^ j. Therefore there is an injection from the 
set of irreducible components of S into the set of irreducible components of 
5'(p-i)_ Moreover, by (i), any irreducible component of S whose image by 
vr^ Q is dense in X provides an irreducible component of S^p~^^ of maximal 
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dimension, since d = d. So c > c, since c is the number of the irreducible 
components of maximal dimension of S'^P^^\ □ 

4. Key proposition. — We keep the notations of the previous subsection. 
We explicitly construct in this subsection a sequence of subsets in Jm{X), for 
m > 1, to which we apply the results of Subsection [3J Here, for g in N U {oo} 
and q > m, TTg^rn refers to the canonical projection from JqiV) to JmiV)- As 
y is a vector space, there is a canonical injection from JmiV) into Jm+i{V). 
Furthermore, this injection is a closed immersion. The first projection from 
y X y to y is denoted by zui. Let T be a closed bicone of X x V satisfying 
the two following conditions: 

1) T is K-invariant under the diagonal action of K in 1/ x y, 

2) for any (x, y) in T, y is a tangent vector of X at x. 



We define by induction on m a subset Cm of Jm(y)- 

For m = 1, we denote by Ci the image of T by the map (x, y) i— > i^x,y,i- 

Let us suppose that the subset Cm of JmiV) is defined for some m > 1. 
Let C^_|_i be the image of Cm by the canonical injection from JmiV) into 
Jm+i{V). For any p > m + 1, we set 

C'oo,m+l,p ■■= e T^^^m+liC'm+l) I Fx{t^) > p} ■ 

Then we set 

Cm+l '■= P) ■7roo,m+l(C'^c,m+l,p) ' 
p>m+l 

where C denotes the closure of the subset C in Jm+i{V). Thus, Cm+i is a 
closed subset of Jm+i{V). 

For m > 1, we set 

Dm ■.= {{x,y) ex xV \ &Cm} ■ 

Lemma 31. — Let m he in W . 

i) If m > 2, then Cm is the closure of T:oo,m{C'^^m,p) JmiY), for p big 
enough. 

ii) The subset Cm is the image of Dm by the map {x,y) Vx,y,m- Moreover 
Cm is contained in Jm{X). 

iii) If m > 2, then for p > m + 1 and for v E '^oo,m{C'ao^m,p)> /i&er at v 
of the canonical morphism from Jp_i(X) to Jm{X) is a nonempty set. 

iv) The set Cm is invariant under the action o/K in Jm{y)- 

v) If ZD I (T) is equal to X, then the image by TTm,o of Cm is equal to X. 
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Proof. — i) By definition, the sequence 

" oo,m ,m,m)i "^00,771 (C'oo,m,m+l); • • ■ 

is weakly decreasing. Therefore, by noetherianity, the weakly decreasing se- 
quence 

,171,771/^ 00,771 

,m,m+l/ ' ■ ■ ■ 

of closed subsets in JmiV) is stationary. Hence for p big enough. Cm is the 
closure of vroo,m(C^,m,p) in Jm{V). 

ii) It suffices to prove that Cm is contained in the image of Dm by the map 
{x,y) I— > i^x,y,m and that Cm belongs to Jm{X). We prove the statements by 
induction on m. By definition, Ci is the image of T by the map (x, y) t^x,y,i 
so Ci is contained in Ji{X) by Condition (2). So Di is equal to T, whence the 
two statements for m = 1. Let us suppose that Cm is the image of Dm by the 
map {x,y) ^ ^x,y,m and let us suppose that Cm is contained in Jm{X), for 
some m > 1. Then C^_^^l is the image of Dm by the map {x,y) i-^ i^x,y,m+i- 
By definition, (x,y) belongs to Dm+i if and only if belongs to Cm+i- 
As Cm+i is contained in C^_^^, we deduce that Cm+i is contained in the 
image of Dm+i by the map {x,y) i-^ i^x,y,m+i- In addition, for p > m + 2, 
7roo,m+i(C^,m+i,p) is Contained in Jm+i{X), by definition of C^^^+i^p. Hence 
Cm+i is contained in Jm+i(^) since Jm+i{X) is closed in Jm+i{V). 

iii) Let be in T^oo,m{C'^^m,p)- Then, there is v' in m p such that 
'^oo,mii^') = As v' belongs to C'^m,p-> have Fx{i^') > p- Hence, by 
Lemma [291 (ii); '^oo,p-i{t^') belongs to Jp-i{X). In addition, since m > 2, 

CO, m{C'^ m,p) is contained in Cm- So by (ii), v belongs to Jm{X). Therefore, 
by Lemma [29l (i), vroo,p-i(j^') is in the fiber at v of the canonical morphism 
from Jp_i(X) to Jm{X). 

iv) We prove the statement by induction on m. As T is K-invariant by 
Condition (1), Ci is K-invariant. We suppose m >2 and we suppose that Cm 
is K-invariant. Then C'j^_^_i is K-invariant. So T^^m+ii^'m+i) is K-invariant. 
As X is K-invariant, the function Fx is K-invariant. So for any p > m + 1, 
^oo,m+i,p is K-invariant. Hence 7roo,m+i(C'^ p) and Cm+i are K-invariant. 

v) We suppose that wi(T) is equal to X. Then for any x in X, (x,0) 
belongs to T since T is a closed bicone. As a consequence, for any m G N*, 
Cm contains i'x,o,m- Hence iTm,o{Cm) is equal to X. □ 

Proposition 32. — i) For m big enough, we have 

Dm = {{x, y) eT \ x + ty e X, yt eC} . 

ii) We suppose that the image by wi of any irreducible component of maxi- 
mal dimension of T is equal to X. Then, for m > 1, the image by wi of any 
irreducible component of maximal dimension of Dm is dense in X. 
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Proof. — i) Let m be in N* such that m — 1 is strictly bigger than the degree 
of any element of a generating family of the ideal of definition of X in the 
algebra of polynomial functions on V. Let {x,y) be in T. If x + ty belongs 
to X for any t in C, then Fx{i'x,y) is equal to oo. In particular, Cm contains 
^x,y,m and Dm contains {x,y). Conversely, let us suppose that Dm contains 
{x,y). Then T contains {x,y) since T contains Di for any z € N*. Moreover, 
for any ip in the ideal of definition of X, the function 1 1— > ip{x + ty) is divisible 
by f^. So by the choice of m, ip(x + ty) is equal to 0, for any t £ C In other 
words, X + ty belongs to X for any t £ C. 

ii) By Lemma [3T| (ii), the statement is equivalent to the following statement: 

for any m £ N* , the image by iTmfl of any irreducible component of maximal 
dimension of Cm is dense in X. 

We prove this statement by induction on m. It is true for m = 1 by 
hypothesis and by definition of Ci. Suppose m >2 and suppose the statement 
true for m — 1. Let Cm be the union of irreducible components of Cm whose 
image by vr^.o is dense in X. By Lemma \3T\ (v). Cm is not empty. Let d and 
d be the dimension of Cm and Cm respectively and let c and c be the number 
of their irreducible components of maximal dimension. It is enough to prove 
the equalities d = d and c = c. In fact, in this case, any irreducible component 
of maximal dimension of Cm is an irreducible component of Cm- By Lemma 
[3H (ii), (iii) and (iv), the conditions of Lemma [30l are satisfied. 

For p > m + 1, we set: 



The image by iTm,Q of any irreducible component of Cm is dense in X. Hence, 
by Proposition [28l (i) , the highest degree term of the element 



of u^-*^]] does not depend on k, for p big enough. On the other 

hand, by induction hypothesis, the image by TTocm-i of any irreducible com- 
ponent of maximal dimension of Cm-i is dense in X, so the image by TToo,m of 
any irreducible component of maximal dimension of C'^ is dense in X. Hence 
by Proposition 128^ (i) the highest degree term of the element 



(10) 



{Cm) I Fx{v)>p} . 
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of Z[n, v] [[u^^,v~^]] does not depend on k, for p big enough. At last, applying 
besides Lemma EH (i), we may choose p big enough such that the following 
conditions hold: 

1) Cm is the closure of T^oo,m{C'^^m,p)^ 

2) the highest deg ree terms of Im.,p,fc 

and Im,p,fc do not depend on k. 
Using Condition (1), we can easily check that the relation 

(11) C'^,m,p = G T^^]mi^oo,m{C'^,m,p)) I P'xi'^) > P} 

holds. By Lemma [3H (v), iTmfliCm) is equal to X. So, by Condition (1), the 
image of T^co.miC'oo^m^p) I'y ^m,o is dense in X. Then, since Condition (2) holds, 
it results from Proposition [28l (ii), that the highest degree term of Im,p,fc only 
depends on the irreducible components of 7roo,m(C'^,m,p) whose image by T^m,o 
is dense in X. In other words, the highest degree terms of Im,p,fc and lm,p,k 
are the same. _ 

By Condition (2) with /c = in Im,p,k ami Lemma [30l (ii), we deduce 

that the highest degree term of im,p,k is c{uv)'^~^^~^^^''^'^^^^^'^ . So the highest 
degree term of lm,p,k is c{uv)'^~^^~^^^"^~^^^~p^ , too. Hence, by Condition (2) 
with A; = in lrn,p,k, we deduce that the highest degree term of ho ^y{C'^ m,p) 

is c{uv)'^~'^^~'^^^'^'^^^~P^ . Then, by Lemma [30} (iv), the two equalities d = d 
and c = c hold. □ 



4. Dimension of the nilpotent bicone via motivic integration 

We prove in this section the main result of this note. As in Section [21 we 
suppose that g is simple and we adopt the notations of previous sections. The 
aim of this section is the following theorem: 

Theorem 33. — i) The principal bicone of q is a reduced complete intersec- 
tion of dimension 3(bg — rkg + 1). 

ii) The subscheme yg is a reduced complete intersection of dimension 
3(bg — rkg) + 2. Moreover, any irreducible component ofy^ is the intersection 
of with an irreducible component of Xg. 

iii) The subscheme Zg is a reduced complete intersection of dimension 
3(bg-rk0) + 1. 

iv) The nilpotent bicone J\fg is a complete intersection of dimension 
3(bg-rkg). 

Let us give a brief description of our approach to prove Theorem [33l We 
plan to apply Corollary 1231 Namely, we intend to prove that any irreducible 
component of maximal dimension of Xg satisfies Conditions (1) and (2) of 
Corollary 1231 Then we will deduce Theorem [33l (i). from LemmallSl (i). Next, 
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the statements (ii), (iii) and (iv) of Theorem 1331 will be mostly consequences 
of statement (i). The main point is therefore to study the images by w\ and 
■W2 of the irreducible components of maximal dimension of Afg, 3^g, and 
A/'g. To process, we consider jet schemes of and 9Ig and we use the results 
of Section [3] about motivic integration. In fact, we remark that an element 
(x, y) €0X0 belongs to Afg or A/'g if and only if the arc t i— > x + is an element 
of Joo(Xg) or Joo(9Tg) respcctively. Thus and TVg can be identified to subsets 
of Joo(Xg) and Joo(^g) respectively. As Xg and 9Tg are strictly contained in 

0, the motivic measure with respect to of the so obtained subsets is zero 
by Proposition 1251 (2)- So we cannot expect to obtain any information from 
these measures. That is why we are going instead to make use of the subtler 
construction as described in Section [3l ^ We will obtain in this way subsets 
whose Hodge realization of the motivic measure with respect to provide all 
the information we need about the varieties and A/'g. 

1. Two lemmas. — We give in this subsection two lemmas useful for Sub- 
section [2j We denote by d the map 

C X X — > X , (t, x, y) 1-^ (x, y + te) . 

Lemma 34- — Let X be a G -invariant irreducible closed bicone of q x 0. 
Suppose that wi{X) = Xq and that 9{C x X) is contained in X. If Xi and 
X2 are two irreducible components of the nullvariety of pi^i^i in X such that 
wi{Xi) = wi{X2) = Xg, then Xi = X2. 

Proof. — By hypothesis, we can suppose that Xi and X2 have codimension 
1 in A" since X is irreducible. If {x,y) belongs to the nullvariety of in 
X, with X semisimple, then + y) 7^ 0, since {x,x) 7^ by Lemma 

\T5\ (i). By hypothesis, for i = 1,2, 9{C x Xi) is an irreducible constructible 
subset of X which strictly contains X^. Hence for i = 1,2, 9{C x Xi) contains 
a dense open subset of X. As a result, for any (t, x, y) in a certain dense open 
subset of C X A^i, 2; is semisimple and there exists (t',x',y') in C x such 
that 9(t',x',y') = 9{t,x,y). Prom this equality we deduce the equalities: 

x' = X , y' — y = (t — t')x . 

But (x, x) 7^ since x is a semisimple element of Xg. On the other hand, 
(x,y) = (x,y') = 0. So t' = t and (x,y) = {x',y'). As a consequence Xi = X2. 

□ 

Let TXg be the total tangent space of Xg and let TOTg be the total tangent 
space of O^Ig. They are closed subsets of x 0. Let T'Xg be the nullvariety of 
in TXg and let T"Xg be the nullvariety of pi,o,2 in T'Xg. 
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Lemma 35. — i) The subsets TXg and T9Tg are G-invariant closed irre- 
ducible bicones, their images by vd\ arc equal to Xg and DTg respectively, and 
they have dimension 4(bg — rkg) + 2 and 4(bg — rkg) respectively. 

ii) The intersection of Wi^{^q) and T'Xg is equal to TDTg. 

iii) The subset T'j£g is irreducible of dimension 4(bg — rkg) + 1. Moreover, 
ti7i(T'Xg) is equal to Xg. 

iv) The image of any irreducible component ofT"Xg by w\ is equal to Xg. 

Proof. — i) As Xg and O^Ig are G-invariant closed cones, TXg and T9Tg are 
G-invariant closed bicones. By Theorem [24] and Remark [71 TXg is irreducible 
and has dimension 4(bg — rkg) + 2. Likewise, by Theorem 1241 and Remark [71 
T9Tg is irreducible and has dimension 4(bg — rkg). 

ii) For X in G.e and y in g, (x, y) belongs to TD7g if and only if y belongs to 
[x,g]. In particular, for any x in G.e and any y in g such that (x,y) belongs 
to T9Tg, {x,y) belongs to T'Xg since x is orthogonal to [x,g]. By (i), the 
intersection of TDTg and tuj~^(G.e) is dense in T9Tg. So T9Tg C tzjjf ^(9Tg)nT'Xg. 
Let us prove the other inclusion. As Xg is the nullvariety in g of 52, • • • ,9rkg) 
for any x in Xg, the subspace of elements y of g such that {x,y) belongs to 
TXg is the intersection of the kernels of the differentials at x of q2, . . . ,qrkg- By 
definition of the qi (see Subsection [T|) , for any x in 9Tg, the subset of elements 
y of g such that (x, y) belongs to TXg is the intersection of the kernels of 
the differentials at x of p2, . . . ,Prkg- Therefore, the intersection of T'Xg and 
^r^(^g) contained in T9Tg, since OTg is the nullvariety of pi, . . . ,Prkg in 0- 

iii) As Xg is a cone, TXg contains the diagonal of Xg x Xg. So TXg strictly 
contains T'Xg. Then by (i), T'Xg has dimension 4(bg — rkg) + 1. Moreover, 
T'Xg is an equidimensional G-invariant closed bicone, since is bihomo- 
geneous and G-invariant. Hence by (ii) and Lemma [3l the image by wi of any 
irreducible component of T'Xg is equal to Xg. As Xg is a cone, for any t in C 
and any {x,y) in TXg, {x,y + tx) belongs to TXg. Therefore, by Lemma [Ml 
T'Xg is irreducible. 

iv) By (iii), T"Xg is equidimensional of dimension at least 4(bg — rkg). 
Moreover, sincepi^o,2 is bihomogeneous and G-invariant, T"Xg is a G-invariant 
closed bicone. As (e, h) belongs to T'Xg, T"Xg is strictly contained in T'Xg and 
T"Xg is equidimensional of dimension 4(bg— rkg). In addition, as (e, h) belongs 
to TDTg\T"Xg, we deduce from (ii) and Lemma [T5| (i), that the intersection of 
T"Xg and ^^^^(DTg) is equidimensional of dimension 4(bg — rkg) — 1. Hence, by 
Lemma [31 the image of any irreducible component of T"Xg is equal to Xg. □ 

2. Proof of Theorem 1331 — In this subsection, we apply Proposition [32] 
to suitable V, X, T and K in order to prove Theorem 1331 

Proposition 36. — i) Let X be an irreducible component of maximal dimen- 
sion of Xq {resp. yg, Zg). Then zui{X) is equal to Xg. 
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ii) Let X be an irreducible component of maximal dimension of Afg, then 
wi{X) is equal to OTg. 

Proof. — i) Let K be the subgroup of GL{g) generated by G and its homo- 
theties. By Corollary [T6l Xg is a K-invariant irreducible closed normal cone 
and it is a complete intersection in g with rational singularities. Moreover, K 
has finitely many orbits in Xg. Let T be the bicone Tj£g (resp. T'Xg, T"Xg) 
of Xg X Q. By Lemma [35l (i), (resp. (iii), (iv)), the image by wi of any irre- 
ducible component of T is equal to Xg. Then, by Proposition [321 (i), applied 
to V = g, X = Xg, T and K, Dm is equal to Afg (resp. y^, Zg), for m big 
enough. Hence, by Proposition [32l (ii), wi{X) = Xg since wi{X) is closed by 
Lemma [3l 

ii) Let K be the subgroup G of GL(g). The cone OTg is an irreducible closed 
normal cone and K has finitely many orbits in 9Tg. Moreover, it is a complete 
intersection in q and by [He] (Theorem A), ^g has rational singularities. Let T 
be the bicone TDTg of 9Tg x g. By Lemma [35| (i), T is irreducible and its image 
by wi is equal to DTg. Then, by Proposition [32l (i), applied to V = g, X = D^Ig, 
T and K, Dm is equal to TVg, for m big enough. Hence, by Proposition [32l 
(ii), zui{X) = 9Tg since zui{X) is closed by Lemma El □ 

Let d be the dimension of Xg. 

Proposition 37. — Let X be an irreducible component of dimension d of Xg. 

i) The dimension of yg is d — 1. 

ii) The intersection of X and yg is irreducible and has dimension d — 1. 
Moreover, this intersection is stable under the involution {x,y) i— > {y,x). 

iii) The intersection of X and Zg is an union of irreducible components of 
Zg of maximal dimension. Moreover, Zg has dimension d — 2. 

iv) The intersection of Mg and X is equidimensional of dimension d — 3. 

v) The dimension of Ng is equal to d — 3. 

Proof. — i) Let X' be an irreducible component of 3^g of maximal dimension. 
As 3^g is contained in Xg, X' is contained in an irreducible component X" of 
Xg. Moreover, X' is an irreducible component of the nullvariety of pi^i^i in 
X". So X' has codimension at most 1 in X" . By Proposition 1361 (i)i vJi{X') is 
equal to Xg. Hence X' contains (/i, 0) since it is a closed bicone. As X" is an 
irreducible component of Xg, it is invariant under the action of GL2(C). Hence 
X" contains (/i, h) and so strictly contains X' . So X' has dimension dim,^" — 1. 
In particular, dim,^' is at most d — \. As any irreducible component of the 
nullvariety of in X is contained in 3^g, 3^g has dimension d — 1. 

ii) As 3^g is stable under the involution {x, y) i— > (y, x) and X is stable 
under the action of GL2(C), their intersection is stable under the involution 
{x, y) 1-^ (y, x). By (i), any irreducible component of the intersection of X and 
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yg has dimension d — 1. Hence by (i), Proposition 1361 (i) and Lemma [3^ the 
intersection of and X is irreducible since 6{C x X) is contained in X. 

iii) Let y be the intersection of y^ and X and let Z be the intersection of X 
and Zg. By definition, Z is the nullvariety of pi^o,2 in 3^- Moreover, by (ii) and 
Proposition [361 (i)) '^2(3^) is equal to Xg. Hence by (i) and (ii), any irreducible 
component of Z has dimension d — 2. Let Z' be an irreducible component of 
Zg of maximal dimension. Then dim^' > d — 2. Suppose dim^' > d — 2. As 
Zg is contained in 3^g, Z' is an irreducible component of maximal dimension of 
yg by (i). So by Proposition [36l (i), ^2(2') is equal to Xg. This is impossible 
since Z' C Zg. So dim Zg = d — 2 and Z is an union of irreducible components 
of dimension d — 2 oi Zg. 

iv) Let y and Z be as in (iii). As Afg is contained in Zg, the intersection of 
X and J\fg is contained in Z. By (iii) and Proposition 1361 (1)5 ^iiy irreducible 
component of Z is not contained in J\fg and has dimension d — 2. The inter- 
section of X and A/'g is the nullvariety of pi,2,o in -2^- Hence this intersection is 
equidimensional of dimension d — 3. 

v) As Afg is contained in Zg, any irreducible component of TVg is contained 
in an irreducible component of Zg. Moreover, by (iii) and Proposition 1361 (i); 
any irreducible component of dimension d — 2 of ^g is not contained in TVg. 
Hence the dimension of TVg is at most d — 3. So, by (iv), Mg has dimension 
d-3. □ 

Corollary 38. — i) The subscheme Xg is equidimensional of dimension 
3(bg — rkg + 1). Moreover, any irreducible component of Xg has a nonempty 
intersection with the intersection of Qg and Zg. 

ii) The subscheme 3^g is equidimensional of dimension 3(bg — rkg) + 2. 
Moreover, any irreducible component of 3^g has a nonempty intersection with 

Qg. 

iii) The subscheme Zg is equidimensional of dimension 3(bg — rkg) + 1. 
Moreover, any irreducible component of Zg has a nonempty intersection with 

Qg. 

Proof. — i) Let X be an irreducible component of dimension d oi Xg. Let Z 
and TV be the intersections of X with Zg and Afg respectively. By Proposition 
[371 (iii) and (iv) , Z and Af are equidimensional of dimension d — 2 and d — 3 
respectively. Hence by Proposition 1371 (v), Af is an union of irreducible com- 
ponents of maximal dimension of Afg. As any irreducible component of Afg is 
stable under the action of GL2(C), the image by W2 of any irreducible com- 
ponent ofAf is equal to DTg by Proposition [36l (ii). Moreover, each irreducible 
component of Z contains an irreducible component of Af since Af is the null- 
variety of pi,2,o in ^- Hence the image by W2 of any irreducible component of 
Z is equal to Dig. By Proposition \37\ (iii), each irreducible component of Z is 
an irreducible component of Zg of maximal dimension. Hence by Proposition 
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[36l (i), the image by vjx of any irreducible component of Z is equal to Xg. So 
Z satisfies Conditions (1) and (2) of Corollary 1231 Hence by Corollary 1231 ^ 
has a nonempty intersection with and X has dimension 3(bg — rkg + 1). 
But by Lemma [T8| (i), any irreducible component of has dimension at least 
3(bg — rkg + 1). Hence X^ is equidimensional of dimension 3(bg — rkg + 1). 

ii) By Proposition [371 (h) and Lemma [T9| (ii), is equidimensional of 
dimension 3(bg — rkg) + 2. Moreover, any irreducible component of is 
the intersection of 3^g and an irreducible component of X^. Hence by (i) and 
Corollary [23l any irreducible component of 3^g has a nonempty intersection 
with rjg. 

iii) By Proposition 1371 (h) and Lemma [T9| Z^ is equidimensional of dimen- 
sion 3(bg — rkg) + 1. Let Z be an irreducible component of Z^. By Proposition 
[36l (i), wi{Z) is equal to Xq. Hence by (i) and Proposition [37l (v), the null- 
variety of pi,2,o in ^ is an union of irreducible components of TVg of maximal 
dimension. Then by Proposition [36l (ii), W2{Z) is equal to 9Tg since any irre- 
ducible component of Mq is stable under the involution (x, y) i— > {y, x). So by 
Lemma [22l Z has a nonempty intersection with Og. □ 

We can now give the proof of Theorem [33l 

Proof. — i) By Corollarv [38l (i), Lemma [T8l (i) and Lemma [20l (ii), Xg is a 
complete intersection of dimension 3(bg — rkg -|- 1) and any irreducible com- 
ponent of Xg contains a smooth point. So Xg is generically reduced and by 
|Ma| (Ch. 8, §23), the scheme Xg is reduced. 

ii) By Corollary [38l (ii), Lemma[19l (ii) and Lemma[20l (ii), 3^g is a complete 
intersection of dimension 3(bg — rkg) -|- 2 and any irreducible component of 3^g 
contains a smooth point. So yg is generically reduced and by |Ma] (Ch. 8, §23), 
the scheme 3^g is reduced. Moreover, by Proposition [371 (ii)) any irreducible 
component of 3^g is the intersection of yg and an irreducible component of Xg. 

iii) By Corollary [38l (iii), LemmafTSl (i) and Lemma[20l (ii), Zg is a complete 
intersection of dimension 3(bg — rkg) -|- 1 and any irreducible component of 
Zg contains a smooth point. So Zg is generically reduced and by [Maj (Ch. 8, 
§23), the scheme Zg is reduced. 

iv) As Afg is the nullvariety of bg-|-rkg polynomial functions, any irreducible 
component of Afg has dimension at least 3(bg — rkg). Hence by Corollary 
[38l (i) and Proposition [371 (v), Mg is a complete intersection of dimension 
3(bg-rkg). □ 

We deduce Theorem [2] from Theorem 1331 (i) and Proposition 1361 (i) and we 
deduce the main part of Theorem [1] from Theorem [33l (iv) and Proposition 
[36l (ii) . To complete the proof of Theorem [H it only remains to show that Mg 
is a nonreduced scheme, what we will do in Section [6l 
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5. Applications to invariant theory 

In this section, we present various applications of previous results to invari- 
ant theory. In this section, g is supposed to be simple again. 

1. Properties of the algebra of pol2S(0)^. — We denote by pol2S(5)0 the 
subalgebra of 8(0) 0c 8(0) generated by the 2-order polarizations of elements 
of 8(0)0. Since the polynomials pi, . . . ,prkg generate 8(0)^, the polynomials 
Pi,m,n, where i = 1, . . . , rk0, m + n = di generate pol28(0)0 as graded algebra. 
Besides, the morphism a introduced in Section [U SI is the morphism of 
affine varieties whose comorphism is the canonical injection from pol2S(0)0 
into 8(0) ®c 8(0). Then, by Proposition [T3t we can state: 

Proposition 39. — The subalgebra pol2S(0)0 is a polynomial algebra in 
bg + rk0 variables. 

We deduce from Proposition [39l 

Theorem 40. — The morphism a is faithfully flat. Equivalently, the exten- 
sion 8(0) (^c 8(0) o/pol28(0)0 is faithfully fiat. 

Proof. — As pol28(0)0 is generated by homogeneous functions, the fiber at 
of the morphism a has maximal dimension. On the other hand, by Proposition 
[39l pol28(0)0 is a polynomial algebra in bg + rk0 variables. 80 a is an equidi- 
mensional morphism and by [Ma (Ch. 8, Theorem 21.3), o" is a flat morphism. 
In particular by |Haj (Ch. Ill, Exercise 9.4), it is an open morphism whose 
image contains 0. 80 a is surjective. Hence a is faithfully flat, according to 
[Mi!(Ch. 3, Theorem 7.2). □ 

2. The nullcone. — The nullcone Vg of the G-module x is the nullva- 
riety in x of the augmentation ideal of the ideal of 8(0) 8(0) generated 
by (8(0) ®£ 8(0))^. The nullcone plays a leading part in invariant theory. It 
is studied in [RlS] . [Po] . [LMPj . and recently in [KrWlj and |KrW2) . By 
|KrWl] . Vg is irreducible and has dimension 3(bg — rk0). Furthermore, N. 
Wallach and H. Kraft conjecture in |KrW2] that Vg is an irreducible com- 
ponent of J\fg. Clearly, Theorem [1] confirms that conjecture. Thereby, we 
claim: 

Theorem 41- — The nullcone Vg is an irreducible component of the nilpotent 
bicone Mg. 

Let k be in N* and let us denote by 0'' the A:-th cartesian power of 0. 
We extend the previous notions to 0^^'. Let 8(0^^) be the symmetric algebra 
of 0^^ and let 8(0'^)^ be the subalgebra of its invariant elements under the 

diagonal action of G in . Then we denote by Vg the nullvariety in of the 
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augmentation ideal 8(0'^)^ of 8(0*^)0. For Lp in 8(3), the k- order polarizations 
of defined by the relation: 

99(tixi H \-tkXk)= ^ t\' ...t'^ipij^^,„^i^{xi,...,Xk) , 

(n,...,jfe)eN'= 

for {xi,...,Xk) in g'^ and (ti,...,tfc) in C'^. Then, we denote by pol^8(0)s 
the subalgebra of 8(0'^) generated by the A:-order polarizations of elements 
in 8(0)^. Then pol;j8(0)^ is an homogeneous subalgebra of 8(0^^) and its 
augmentation ideal pol^8(0)^ is generated by the fc-order polarizations of 

the elements of 8(0)^. We denote by A/'g'^'' the nullvariety in 0^ of the ideal 

polfc8(0)0 . Obviously, Vj') = A/^'^ = ^„ vf = V, and A/^f ^ = M,. 

The index of polarization of q, denoted by polind(g), is defined in [LMPj 

(k) r(k) 

as being the upper bound of G N* such that Vg = Mg . The inequality 
polind(0) > 1 obviously always holds. We wish next to establish an equality. 

Recall that (e, h, f) is a principal sl2-triple of 0. 
Lemma J^2. — Let x be in q satisfying (adj;)^(e) = 0. Then (e, [x, e]) belongs 

to A/g. 

Proof. — 8ince (ada;)^(e) = 0, we have exp(tada;)(e) = e + t[x,e], for any t in 
C. As 9Tg is a closed cone in 0, the element se + t[x, e] belongs to 9Tg, for any 
(s, t) in C^. 80 (e, [x, e]) belongs to A/g. □ 

By the Hilbert-Mumford criterion |Kr] (Kap. II), an element {x,y) of x 
belongs to the nullcone Vg if and only if there is a one-parameter subgroup 
A : C* — > G such that lim^^o M't){x,y) = 0. In particular, if {x,y) belongs to 
the nullcone, then the subalgebra L generated by x and y is contained in the 
nilpotent cone. Hence L is nilpotent and so contained in a Borel subalgebra 
of 0. Conversely, if x and y belong to the nilpotent radical of a common Borel 
subalgebra, then the previous criterion applies to {x,y). To summarize, we 
have actually shown: 

Lemma 43. — The element {x,y) of q x q belongs to the nullcone Vg if and 
only if X and y belong to the nilpotent radical of a common Borel subalgebra. 

The following proposition has already been noticed in |LMP] (Th eorem 
3.16). We provide here a shorter proof. 

Proposition 44- — have: polind(0) = 

J 00 , if Q is isomorphic to s[2(C); 
1 1 , otherwise. 
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Proof. — Suppose first dimg = 3. The elements x in g such that the subspace 
generated by x and e is contained in the nilpotent cone of g are colinear to 

(2) 

e. Hence Vg = Afg, and Afg is irreducible. Then for k > 2 and xi, . . . ,Xk in 
Q, the subspace generated by xi, . . . ,Xk is contained in 9Tg if and only if its 

dimension is smaller than 1. So Vg*^^ is equal to A/'g'^^ for any k. 

Suppose now dimg > 3. As di,... ,drkg is a weakly increasing sequence, 
— 2((irkg — 1) is the smallest eigenvalue of adh. Let f be a non zero eigenvector 
of adh of eigenvalue —2{drkg — 1) and set vq = [v,e\. Then (adw)^(e) is an 
eigenvector of adh of eigenvalue — 4(drkg — 1) + 2. As g is simple and dimg > 3, 
we have dj-kg > 2 and — 4((ii.kg — 1) + 2 < —2{d^]^g — 1). So (adt;)^(e) is equal 
to 0. Hence, by Lemma 321 (e,uo) belongs to Mg. As vq is an eigenvector 
of adh of negative eigenvalue, b does not contain vq. Since b is the unique 
Borel subalgebra which contains e, we deduce from Lemma H3l that (e, vq) does 
not belong to Vg. So Vg is strictly contained in TVg. As a result, for /c > 2, 

Vg'^^ is strictly contained in Mg^^ since Vg x {Ogfc-2} and Mg x {Ogfc-2} are the 

intersections of Vg'^'* and Mg''^ with g x g x {Ogfc-2} respectively. □ 

Remark 8. — The nullcone has a natural structure of scheme. This scheme 
is irreducible. Furthermore, it is reduced if and only if g has dimension 3. If 
dimg = 3, pol2S(g)0 is equal to (S(g) (8)c S(g))^ and the ideal in S(g) S(g) 
generated by the augmentation ideal in S(g)0 is prime. Suppose dimg > 3. If 
this scheme were reduced, the extension S(g)(8icS(g) of (S(g)®cS(g))^ would be 
flat by arguments used in [K os"2j . But this extension is not equidimensional 
since the G-orbit in g x g in general position has dimension 2bg — rkg and 
2bg - rkg > 3(bg - rkg). 



6. Additional properties of the nilpotent bicone 

In this section, we give additional results about the nilpotent bicone TVg. We 
assert in the first subsection that J\fg is not reduced. Next, we discuss in the 
second subsection the number of its irreducible components. As before, we fix 
a principal s[2-triple (e, h, f) in g and we use the notations of the Introduction, 

m 

1. Nonreducibility of Mg. — According to [Mai (§23). a Noetherian ring 
A is reduced if and only if A satisfies Conditions {Rq) and (^i). By Theorem 
[33l the subscheme TVg of g x g defined by the ideal pol2S(g)^ is a complete 
intersection in g x g. Therefore the quotient ring (S(g) (8>c S(g))/pol2S(g)^ is 
Cohen-Macaulay, according to [MaJ fCh. 8, Theorem 21.3). It is natural to 
ask if (S(g) (8>c S(g))/pol2S(g)^ is reduced. The following theorem answers 
this question negatively. 
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Theorem ^5. — The scheme J\fg is not reduced. 

Proof. — In view of the preceding remarks, it suffices to find an irreducible 
component of Mg which does not contain any smooth point of Afg. Hence, 
according to Proposition 113^ Lemma [20l (ii) and Theorem HU it is enough to 
prove that the nullcone Vg has an empty intersection with the open subset J7g. 
We suppose that this intersection is not empty and we expect a contradiction. 
Let {x,y) be in the intersection of Vg and fig. By Lemma H3l we can suppose 
that X and y belongs to u. By Lemma [71 (ii), for any (a, b) in \ {(0, 0)}, the 
centralizer of ax+by is contained in u. Therefore, it results from LemmaSlthat 
the subspace ^'{x,y) is contained in u. Moreover, by LemmaEl (iii), ^'{x,y) 
is equal to 53(x,y). But by LemmaEl (i), 23(x,y) has dimension bg > dimu, 
since (x, y) belongs to J7g, whence the expected contradiction. □ 

The proof of Theorem [1] is now completed by Theorem HSj 

2. Irreducible components of Mg. — Denote by ^ the map 

G X X g — > g X Q , {g,x,y) ^ {g{x),g{y)) . 

For a subset X of q x q, the closure in g x g of the image of G x X by $ is 
denoted by X^. For Y subset of g x g and x in g, we denote by the subset 
of elements y in g such that {x, y) belongs to Y . 

Lemma 46. — Let Y be a G-invariant closed bicone o/g x g and let xq be a 
nilpotent element of q. Suppose that the image of any irreducible component 
of Y by w\ is equal to the closure in g of G.xq. Suppose besides that there 
exists a subvariety T of G such that the map g i— > ^(xo) is an isomorphism 
from T to an open subset of G.xq containing xq. 

i) The subset Y is equal to ({xq} x Y^q)"^ ■ 

ii) // Z is an irreducible component of Y , then Zx^ is irreducible. 

iii) The map X i— > ({xq} x X)* is a bisection from the set of irreducible 
components ofYxg to the set of irreducible components ofY. 

Proof. — i) By our hypothesis, for any irreducible component Z of Y, vJi{Z) 
is the closure of G.xq. So G.xq is a dense open subset in vJi{Z). Then the 
subset Y' of elements of Y whose first component is in G.xq is a dense open 
subset in Y. As y is a G-invariant bicone, Y^^ is a cone and Y' is the image 
by $ of G X {xo} X Y^^. So Y is equal to ({xq} x l"xo)*- 

ii) Let Z be an irreducible component of Y. Then Z is a G-invariant closed 
bicone. We denote by Q the image of T by the map g ^ g{xo) and we denote 
by Z the subset of elements (x, y) in Z such that x belongs to 0,. By our 
hypothesis, Z is a nonempty open subset of Z. In particular, it is irreducible. 
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Let r be the inverse map of the map g i— > g{xo) from T to ^l. Then the map 

Z — ^ r X , {x,y) ^ (T(x),r(x)"Hy)) : 

is an isomorphism. So Z^q is irreducible. 

iii) Let X be an irreducible component of Y^g. Then ({a^o} x X)^ is irre- 
ducible as the closure of the image of an irreducible variety by a regular map. 
If Z is an irreducible component of Y which contains ({xq} x X)* then Z^q 
contains X. So by (ii), X is equal to Zx^ and Z is equal to {{xq} x X)* since 
$(G X {xq} X X) is open in Z. We then deduce that the map Z ^ Z^q is the 
inverse of the map X i-^ ({^^o} x X)^ . □ 

Let us recall that B_ is the normalizer in G of the Borel subalgebra 
b_ = f) e u_. 

Lemma 47- — Let U be the unipotent radical of the normalizer of b in G. 
Then there exists a closed subset ZofXJ such that the map 

B_ X Z ^ G.e , {g, k) ^ gk{e) , 

is an isomorphism onto an open subset V of G.e containing e. 

Proof. — As B_U is an open subset of G, its image by the map g i— >■ g{e) 
from G to G.e is an open subset V containing e. Moreover, the map 

B_ X U.e ^ y , {g,x) ^ g{x) 

is an isomorphism since U contains the stabilizer of e in G and B_nU = {Ig}. 
By |Puj (Ch. I, Part. II, §3), there exists a complement m of g(e) in u and a 
basis f 1 , . . . ,Vm of m such that the map 

C" U.e , (ti, . . . ,im) exp(tiadui) • • • exp(tmadt>m)(e) 

is an isomorphism. Then the map 

C™ ^ U , (ti, . . . ,tm) ^ exp(tiadvi) • • • exp(tmad?Jm) 

is proper and its image Z is closed in U. Moreover, the map 

B_ X , {g,k)^gk{e) 

is an isomorphism. □ 

Let A/'g,e be the subset of elements y of g such that (e, y) is in A/'g. From 
Theorem [H Lemma Il6l (iii) and Lemma H71 we deduce the following result: 

Corollary 48. — The map X i-^ ({e} x X)* is a bisection from the set of 
irreducible components of Afg^e onto the set of irreducible components of Afg. 

According to Section [21 ^ ^g,e has a natural structure of scheme. The 
following result is also a corollary of Theorem [TJ 
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Corollary 49- — The subset Afg^e is a complete intersection of dimension 
bg -rkg. 

Proof. — As A/'g^e is the nullvariety in g of bg polynomial functions, the di- 
mension of any irreducible component of A/'g^e is at least bg — rkg. Let Y be 
an irreducible component of A/'g. By Theorem [H since G.e is an open dense 
subset of 9Tg, Ye has dimension bg — rkg. On the other hand, by Corollary HHl 
Ye is an irreducible component of A/'g,e and any irreducible component of A/'g,e 
is obtained in this way, whence the corollary. □ 

Let p = [p © Up be a parabolic subalgebra of q containing b, where [p is the 
f)-stable Levi subalgebra of p and where Up is the nilpotent radical of p. We 
denote by and voup the projections from p to [p and Up respectively. 

Lemma 50. — The map Y Y + Up is a one-to-one correspondence be- 
tween the set of irreducible components o/ A/'i^ ^^tp (e) ^iT'd the set of irreducible 
components of J\fg^e contained in p. 

Proof. — Let Y be an irreducible component of A/(p,TO[p{e)- Then the set 
y + Up is contained in the intersection of A/g,e and p. As e is a regular nilpo- 
tent element of g, tuf^ (e) is a regular nilpotent element of [p. So by Corollary 
l49l Y has dimension b(p — rkg. Then y -|- Up has dimension 

b[p - rkg + dimup = bg - rkg . 

According to Corollary H9l we deduce that y -|- Up is an irreducible component 
of A/'g^e- Thus, the above map is well-defined. It is clearly injective. Prove now 
that it is surjective. 

Let Z be an irreducible component of A/'g, e contained in p. Then wi^{Z) 
is contained in an irreducible component of A/"!^ ^^ip (e) • Let Y be such an 
irreducible component. Then y -|- Up is an irreducible subset of AAg^e which 
contains Z. So, Z is equal to y -|- Up. □ 

Let A'"g be the set of irreducible components of A/"g,e- We denote by Tg the 
set of proper parabolic subalgebras strictly containing b. Let be the subset 
of irreducible components of A/'g g which are not contained in any element of 

Lemma 51. — //dimg = 3, then \N'g\ = 0. Otherwise, \N'g\ > 1. 

Proof. — The set Tg is nonempty if and only if dimg > 3. Suppose now 
dimg > 3. Let a* be the highest root of 7^+. By Lemma HH A/'g^e contains 
[e, g~°*]. So it suffices to prove that [e,g~"*] is not contained in p for any 
p in Tg. For a in TZ, we fix a nonzero element Xq, in g°. The elements Xa 
may be chosen so that e = ^a- Suppose that there is p in Tg such that 
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[x_Q,#,e] belongs to p. We can suppose that p is a maximal element of Tg 
corresponding to a simple root /?. A short discussion shows that (3 satisfies 
the two following conditions: 

1) for all a in n\{/3}, a* — q is not a root, 

2) a* — /3 is a root and n^j = 1, where rijj is the coordinate at (3 of a* 
in the basis 11. 

A quick look on the classification of root systems shows up that there is no 
simple root satisfying both Conditions (1) and (2). As we obtain a contradic- 
tion, the result follows. □ 

Proposition 52. — The number of irreducible components of J\fg is equal to 
\Ng\ and \Ng\ satisfies the following recursive relation: 

a ' factor j 

\ ^ o/[lp,lp] / 

Proof. — By Corollary 081 the number of irreducible components of TVg is 
[A'"g|. If dimg = 3, then TVg^e is the line generated by e, Tg = 0, |A'"g[ = 
and lA'^gl = 1, whence the expected relation. Suppose now dimg > 3. We can 
write 

iVg = iV'u I 11 iv(P) I U{u} 




where, for p in Tg, A'"g'^^ is the set of irreducible components of TVg^e contained 
in p and not contained in any element of Tg strictly contained in p. Thus the 
terms of the above union are pairwise disjoint and we have 

It remains to prove the equality 

(12) i<i = n i^^i ' 



[ simple factor 
of [Ip.lp] 



for any p in Tg. Let p be in Tg. By Lemma [50l the map y i-^ 1" + Up is a 
bijection from Ni^ to the subset of irreducible components of TVg^e contained 

in p. Moreover, Y + Up belongs to N^^^ if and only if Y belongs to N^ . So 

l-^ip I = l-^g I- Let [i, . . . ,lm be the simple factors of Ip and let Y be in N[^. 
As remarked in Subsection ^ Y = Yi x ■ ■ ■ x Ym where Yi is an irreducible 
component of Afi^^Si, if Si is the component of wi^ (e) on U, for i = 1, . . . , m. 
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Then, Y G if and only if, for any i £ {!,■■■ ,rn}, Yi is not contained in 
any element of T[-, that is 1^ € N'^^ . Hence 

m 
i=l 

and the proposition follows, by Relation (fT2]) . □ 

Remark 9. — Considering the formula established in Proposition [52l we see 
that the number | A^g| becomes considerably big while the dimension of g grows 
up. For example we have: 

|A^,[,| = 1 , |iV,(3| > 2 , |iV,(J > 4 , |7V,(J > 7 , liV,(J > 12 , . . . . 
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